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Accounting-based incentives can induce cyclical
inventory build-ups
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It is well established that accounting based incentive schemes can induce managers to adapt their behavior

to manipulate accounting metrics even if such behavior is not in the best interest of the firm. Using a

parsimonious model, this paper establishes how common accounting based bonus schemes can induce a

manager to delay write-off decisions and keep excess inventory. In particular, it suggests a cyclical pattern

where excess inventory is gradually built-up and then written off and discarded all at once.

Key words : accounting, operations management, inventory management, inventory write-offs

1. Introduction and literature review

So, we continue to offer the old stuff rather than the new. We continue to lose market share,

but it’s better than to bite the bullet of write-offs. (Alex Rogo, plant manager, to Lou, chief

accountant, The Goal).

With more than 6 million copies sold, The Goal (Goldratt and Cox 2016) is by far the best-selling

Operations Management book and a staple read in most MBA Operations core courses. One of its

key lessons is that managing to maximize performance, as it is reported by financial accounting,

induces managers to act against the best interest of the firm. This can lead to warehouses being filled

up to the roof with products that have high book value, but low actual value. Over the years, we

have had several discussions on this topic with various industry executives. A representative response

came from the CEO of a major consumer goods company when one of the authors suggested to do

a large-scale clearance of inventory. It had grown steadily over time and consisted predominantly

of worthless products, but a substantial book value made the CEO keep it despite the cost of
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warehousing, handling and insurance: “There is only so much inventory I can afford to write-off

before it hurts my profit too much.” It is a puzzle that this particular issue, and the interface

between operations and accounting in general, has not received much research attention.

Owners of a firm are concerned with value generation, i.e., discounted cash flows. It should follow

that managers’ bonus structures be also based on value generation. However, despite the growing

influence of stock based compensation schemes, managers—particularly below the C-suite—are often

incentivized based on proxies. Instead of value, earnings or EBIT often form the basis for incentive

schemes. In fact, Murphy (1999) finds that an overwhelming number of companies use earnings

or EBIT to incentivize their employees, as these measures are verifiable and easily understood.

Furthermore, in contrast to value that can actually decline, bonus plans often protect managers

from losses or contain other non-linearities, such as thresholds or caps (Murphy and Jensen 2011).

Finally, while the concept of value is not limited to a specific time horizon, managers’ incentives

often reward results in a periodic fashion, such as on an annual basis.

It is well understood that the discrepancy between value, as represented by long-term discounted

cash flows, and employee bonus schemes can induce distorted incentives. On the one hand, such

incentives lead to accrual-based earnings management, i.e., the manipulations of accounting metrics

with little impact on the real world. For example, the classical work of Healy (1985) has demonstrated

how managers have used accruals in order to control the timing of profits (see also Guidry et al.

(1999)). Holthausen et al. (1995) find evidence of managers strategically raising or lowering profits

around performance bounds. On the other hand, distorted incentives can also lead to real earnings

management. Managers make decisions, with real world effects, with the specific goal of influencing

accounting metrics. Roychowdhury (2006), for example, finds evidence of companies lowering

prices to temporarily boost sales or using long production runs to report lower cost of goods sold.

Cohen and Zarowin (2010) find that companies strategically adjust discretionary spending, such as

advertising or R&D expenses. Interestingly, there is evidence that real earnings management is on

the rise, while (traditional) accrual based earnings management is in decline (Cohen et al. 2008).
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Two of the most important operational factors influencing profit measures are inventory decisions

and inventory write-offs. Products in inventory may lose value over time. In some cases such loss is

slow and gradual. In others, such as fashion, leftover inventory can become worthless within a short

time frame. Accounting standards for inventory stipulate that assets be valued at the lower of cost

and net realizable value and, in particular, that inventory with zero value be written off the books.

However, write-offs do not always occur as they should; in practice substantial amounts of zero value

inventory are found as a result of audits (Cobbaert and Van Oudheusden 1996). Managers may

manipulate inventory figures by failing to write-down consistently, using phantom inventory, and

through shrinkage and improper counting (Wells 2011). In addition, under US Generally Accepted

Accounting Principles (GAAP), managers have quite some discretion over the timing of write-offs

(Wilson 1996).

The empirical accounting literature has established that asset write-offs, and inventory write-offs

in particular, are used strategically by managers. Incentives play a substantial role in explaining

discretionary asset write-offs; Chen et al. (2015a), for example, have found that semiconductor

companies time their inventory write-offs strategically in periods of poor performance. Such behavior

is consistent with Rees et al. (1996) who have found that managers manipulate earnings in the year

of the write-down to improve future years’ reported earnings.

In this paper we present a parsimonious model that incorporates inventory and write-off decisions

taken by a manager who is incentivized according to a typical earnings-based incentive scheme. We

find that for such managers there may be a strict incentive to keep even worthless inventory despite

its holding costs. This is clearly not in the firm’s best interest. Furthermore, our model suggests a

cyclical pattern where excess inventory is gradually built-up and then written off and discarded all

at once.

Our paper makes three contributions. First, on a very practical level, it can inform operations

managers of the type of distortions they can expect to find in their inventory data. As a result,

managers can concretely analyze the damage caused by their company’s incentive schemes. Second,
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we identify demand uncertainty as one potential cause for the manager’s decision to stock worthless

inventory. Third and most importantly, our paper contributes to the literature at the intersection

of accounting practices and operations (inventory or otherwise), a field that has been found to be

notoriously understudied (see Ittner and Larcker (2001)).1

Some of the literature in this area studies the impact of accounting metrics on manufacturing

decisions. Kaplan (1986) documents conflicts between traditional cost accounting measures and

operational improvements for advanced manufacturing environments. Young and Selto (1991)

highlight a variety of research topics within the manufacturing literature, including cost of quality

measurement and life cycle costing, relevant for accounting researchers. Frankel et al. (2017) show

that managers actively steer working capital, through cash management techniques and expedited

sales, towards being particularly low in periods in which financial results are reported.

Focusing on the specific topic of inventory decisions, DeHoratius and Raman (2008) analyze the

factors that influence inventory inaccuracies and, in follow-up work, DeHoratius et al. (2008) discuss

how to best incorporate such inaccuracies into inventory decision making. A paper by Brown and

Tang (2006) examines how typical (accounting) incentives other than maximizing profit influence

a manager’s newsvendor decisions. This work has led to a stream of literature that incorporates

behavior such as satisficing (Shi and Chen 2008, Chen et al. 2015b), hitting profit targets (Shi et al.

2010) and hitting profit and revenues targets (Yang et al. 2011). In the context of supply chains,

Deng and Yano (2016) develop optimal contracts taking into account a manager’s objective of hitting

a minimum profit target, Arya and Mittendorf (2010) find that some accounting based incentive

schemes can induce systematic over-ordering, and Baldenius and Reichelstein (2005) confirm that

in a multi-period setting accounting profit-based incentives may lead a manager to overorder since

income fails to account for the time value of money. However, to the best of our knowledge there

1 In the period from 2000 to 2017 we could only find 6 papers in the journals Management Science, Manufacturing &

Service Operations Management and Production and Operations Management that have been concerned with the

interface between operations management and accounting, while 21 have focused on the interface with marketing and

26 with finance.
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is no work on how accounting based incentives influence inventory write-off decisions and induce

inventory cycles.

2. Model and analysis

We formulate a parsimonious model that captures the main features of the problem, while facilitating

clean insights. In particular, we consider the extreme case where there is absolutely no benefit for

the firm to carry inventory—i.e., excess inventory has no future use or value and only incurs holding

cost. Within this setting, we provide an answer to the key question of interest: May the manager

build inventory against the firm’s best interest even in such an extreme case?

Acc.prof. πt (qt,wt) =

Inventory s

Action

Cash flow Πt (qt) =

Period t− 1 t t+ 1

st

Order qt ∈ {1,2}

+qt

−cqt

Sell

−min(dt, qt)

+(r− c)min(dt, qt)

+rmin(dt, qt)

Write-off

wt ≤ st + (qt− dt)+

−wt

−cwt

Incur

holding cost

−hst+1

−hst+1

st+1

(1)

(2)

Draw dt st+1 = st + (qt− dt)+−wt

Figure 1 Dynamics of cash flow, actions, flow of goods and accounting profit.

Figure 1 outlines the dynamics of the decisions, the inventory flow, and the two key financial

measures—cashflow and accounting profit. Period t starts with obsolete inventory st being carried

over from period t− 1. This inventory cannot be used to satisfy the demand in the current period,

dt, which can be either 1 or 2 with equal probability. The period’s first decision is to order qt units.

Demand dt is then realized and the firm sells min (dt, qt), while the remaining (qt− dt)+ units are

added to the inventory. The second decision of the period is to write-off wt units of inventory. The

remaining inventory st+1 = st + (qt− dt)+−wt is carried over to the next period t+ 1, incurring

holding cost in period t.

Per unit financial parameters are: selling price r, purchase cost c, and holding cost h, where

h< c< r. If the owner were to manage inventory herself, she would maximize expected long-run

average cash flows given by equation (1), which is embedded as the first row in Figure 1. Since

inventory carried into the future is worthless but incurs a cost, the owner writes off unsold units
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immediately. Hence, under the owner’s optimal policy the third term of (1) is always zero. She

orders one unit if r < 2c and two units otherwise. Her resulting optimal expected cash flow is

Π = r− c+ 1
2
(r− 2c)+. This represents the first-best outcome and serves as a benchmark.

The owner delegates inventory decisions to a manager and uses accounting profit πt given in (2),

embedded as the fourth row in Figure 1, as the key performance metric. In contrast to (1), only the

cost of goods sold is accounted for immediately (first term), while the cost of the units that enters

inventory is accounted for at the time of the write-off (second term).

We consider a common linear incentive scheme where the manager’s bonus base is πt−B, and

B ≤ r− c is the target profit level set by the owner. If this quantity is positive, then the bonus scale

(πt−B)
+

is proportional to the bonus base; otherwise it is zero. We assume that the manager is

self-interested and concerned only with maximizing his expected long-run average bonus scale.

We first discuss the intuition behind the manager’s decision problem and then present our

results. Note that ordering qt = 1 is a weakly dominated policy for the manager. Such a policy

never leads to excess inventory, and results in a bonus scale of r − c−B which is less than or

equal to the expected bonus scale when qt = 2 and excess quantity is immediately written off;

1
2

(2r− 2c−B)
+

+ 1
2

(r− 2c−B)
+

. But ordering qt = 2 may do even better than this once we take

into account the manager’s flexibility to postpone writing off excess units. Since carrying inventory

incurs holding costs, it must also provide benefits for the manager that are high enough to offset

the costs in the long run. Such benefits are driven, in part, by the truncation of the non-negative

bonus base. The manager can take cyclical hits by writing off all inventory at once and earning

zero bonus while the firm takes a loss. It is never optimal for the manager to write off inventory

during a period with high demand, since it would have been a dominating policy for the manager

to have taken this hit in the most recent period with low demand. Finally, it cannot be optimal

for the manager to accumulate inventory indefinitely because the growing inventory holding costs

eventually make it impossible to achieve a positive bonus.
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Figure 2 Illustrations of inventory build-up cycles with parameters r = 12, c = 5, h = 1 and B = 1.

Figure 2 illustrates an example of an optimal policy. Unsold units accumulate in inventory until a

threshold of three units is reached, at which point the entire inventory is written off. If in a period

there is demand for only one unit, the remaining unit becomes unsellable and will potentially be

carried over to the next period. The solid line shows the build up of unsellable units, while sellable

units in each period are shown with a broken line. The bottom section shows the realized demands

and the resulting financial measures. At the beginning of an inventory build-up cycle the manager

benefits from postponing any write-off decision, while incurring a modest holding cost. In period

2, for instance, the manager has a bonus scale of 5, which would otherwise be 1 in the case of an

immediate write-off. As inventory increases so does the holding cost; up to the point where the

manager benefits from starting off anew. If, for example, the manager would carry three units to

period 5, then the bonus scale of period 4 would be just 3.

Notice that for each cycle, the realized total cash flow Π and total accounting profit π are the same.

But in this example, even after deducting B = 1 from the accounting profit, the manager’s average

bonus scale of 7.61 is still larger than the average cash flow of 7.11. One way to understand the

mechanics leading to this result is to compare the long run distributions of the two financial metrics;

both are uniformly distributed but cashflow takes values Π ∈ {0,1,2,12,13,14} and accounting

profit takes values π ∈ {−8,5,6,12,13,14}. It is the truncation of the extreme low value of the

latter that creates the incentive for the manager to build inventory cycles against the firm’s interest.
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The maximum expected cash flow in this example is 8, which would give expected bonus scale

(πt−B)
+

= 7, so incentivizing the manager based on accounting profit costs the firm an expected

efficiency loss of 12.5% (in addition to the proportion of the bonus scale paid to the manager).

The following proposition formalizes the optimality of such a stationary policy and gives its

characterization:

Proposition 1. Let S̃ =
⌊

1
2

+
√

r−c−B
h

+ 1
4

⌋
, and S∗ = S̃ if h

(
S̃− 1

)
+ r−c−B

S̃
≤ c, and S∗ = 1

otherwise. The optimal policy is to order qt = 2 in each period and write off nothing if st +(qt−dt)+ <

S∗, otherwise write off fully.

Proof. All proofs are given in the appendix. �

Proposition 1 states that there are two regimes. First, when h
(
S̃− 1

)
+ r−c−B

S̃
> c the manager

writes off any unsold quantity immediately. In this regime, the manager’s incentives are perfectly

aligned with those of the owner of the firm. Second, when h
(
S̃− 1

)
+ r−c−B

S̃
≤ c the manager

accumulates excess inventory and does not write off any inventory until it reaches threshold S∗ = S̃.

At that point, the manager writes off the entire (worthless) inventory all at once. This regime can

lead to the inventory cycles described in the previous example.

The condition that separates the two regimes has a very intuitive meaning that becomes clear

when dividing both of its sides by 2 to obtain h
(S̃−1)

2
+ r−c−B

2S̃
≤ c

2
. In expectation the length of an

inventory cycle is 2S̃, because it takes S̃ low demand periods to reach the write-off threshold and

a high demand period is as likely as a low demand period. The average inventory held over the

cycle is
(S̃−1)

2
. Also, for a manager who writes off any excess inventory immediately, the average per

period write-off is c
2
. Thus, the left hand side of the condition is the sum of the average per period

holding cost h S̃−1
2

and the opportunity cost of having a secure bonus in the write off period spread

over the expected number of periods per cycle r−c−B
2S̃

. The right hand side is the average cost of

an immediate write-off. Clearly, if the per period holding and opportunity cost are lower than the

average immediate write-off cost, then the manager benefit from not writing off immediately.

There are four essential model parameters: r, c, B and h. For each parameter, the corollary below

describes the comparative statics of the optimal threshold S∗.
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Corollary 1. There exist some non-negative functions r̂(c,B,h), ĉ(r,B,h) and B̂(r, c, h) such

that the following statements are true for the optimal policy:

(a) The optimal threshold S∗ is weakly increasing in r for r ∈ [c+B, r̂(c,B,h)], but falls to and

remains at 1 for r > r̂(c,B,h).

(b) As a function of c, the optimal threshold S∗ is 1 for c∈ [0, ĉ(r,B,h)), may jump to Ŝc(r,B,h)> 1

at ĉ(r,B,h) and weakly decreases for c∈ [ĉ(r,B,h), r−B].

(c) As a function of B, the optimal threshold S∗ is 1 for B ∈ [0, B̂(r, c, h)), may jump to ŜB(r, c, h)>

1 at B̂(r, c, h) and weakly decreases for B ∈ [B̂(r, c, h), r− c].

(d) The optimal threshold S∗ is weakly decreasing in h.

Figure 3 illustrates the Corollary. Naturally, the threshold value, S∗, and, as a consequence, the

size of inventory cycles, decrease in the holding cost. More interestingly, whenever unit revenues are

either very low or very high, inventory cycles can disappear. If r is low, then the manager loses less

in the write-off period, so he writes off more frequently, and for low enough r, writes off immediately.

If r is high enough, the overall cost of building cyclical inventories, 1
2

(
h
(
S̃− 1

)
+ r−c−B

S̃

)
, becomes

greater than the cost of writing off immediately c
2
, again causing the manager to write off immediately.

A similar, but reversed, pattern holds for unit cost c and target profit B. As a result, products

having an intermediate margin are particularly prone to inventory cycles.

5 10 15

2

4

6

8

r

S∗

2 4 6 8 10

2

4

6

8

c

S∗

1 2 3 4 5 6

2

4

6

8

B

S∗

0.5 1 1.5 2

2

4

6

8

h

S∗

Figure 3 The behaviour of S∗ with respect to changes in one parameter at a time given base values r = 12, c = 5,

h = 1 and B = 1.

3. Concluding remarks

This paper shows that a manager may engage in cyclical inventory build-up against the interests of

the firm, even in the extreme case when carried over inventory has no future value. We purposely
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study a parsimonious model that captures the main features of interest. This allows us to significantly

streamline the model analysis and interpretation of the results.

This paper contributes to the understudied interface of Operations Management and Accounting.

Our results encourage follow-up research to model more general settings, and to empirically

investigate the factors that affect write-off decisions in practice and how these practices vary between

firms and industries.
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Appendix. Proofs

To prove Proposition 1 and Corollary 1 we establish a sequence of auxiliary results first.

We model the inventory in the system as a Markov chain, with st denoting the inventory at the start of period

t, t∈ {1,2, . . .}. Let S = {0,1,2, . . .} be the state space and A∈N3 the action space, with at = (qt,wt(dt))∈A,

where qt ∈ {1,2} is the order quantity, and wt ∈Φ(s+(q−d)+) = {0,1, . . . , s+(q−d)+} is the write-off quantity

that depends on the realized demand, d. Let δ be the one-period discount factor and ut : S×A×D→R be

the single-period reward function, where D ∈ {1,2} is the set of possible demand outcomes. Then

ut(s, q,w,d) = [(r− c) min{q, d}−h(s+ (q− d)+)− (c−h)w]+, (3)

st+1 = st + (qt− dt)+−wt(dt). (4)

For an initial state s1 = s, denote by C(s,T |q,w) =
∑T

t=1Ed[ut(st, qt,wt, dt)] the total undiscounted reward

over T periods, given a policy (q,w). Then c(s|q,w) = limT→∞C(s,T |q,w)/T is the (undiscounted) average

reward or reward rate for policy (q,w). We also define the discounted infinite horizon value function as:

Vδ(s) =
∑∞

t=1 δ
t−1Ed[ut(st, qt,wt, dt)].

The value function satisfies the Bellman equation:

Vδ(s) = max
q

[
Ed
[

max
w∈Φ(s+(q−d)+)

{
u(s, q,w,d) + δVδ(s+ (q− d)+−w)

}]]
. (5)
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Lemma 1. Vδ : S→R is nonincreasing on S.

Proof. Let {d1, ..., dt, . . .} be a sample path of demand and (q∗,w∗) the optimal strategy when starting inven-

tory is s+ 1. On that sample path, the total discounted reward will be Vδ(s+ 1|d) =
∑∞

t=1 δ
t−1u(st, q

∗
t ,w

∗
t , dt),

with s1 = s+1, st+1 = st+(q∗t −dt)+−w∗t (dt). Note that (q∗, w̃), with w̃t = max{0,w∗t −1}, is a feasible (not nec-

essarily optimal) strategy for the problem with starting inventory s. Then Vδ(s|d)≥
∑∞

t=1 δ
t−1u(s̃t, q

∗
t , w̃t, dt)≥∑∞

t=1 δ
t−1u(st, q

∗
t ,w

∗
t , dt), with s̃1 = s, s̃t = s̃t−1 +(q∗t −dt)+− w̃t. The last inequality follows from the fact that

s̃t ≤ st and w̃t ≤w∗t for all t∈ {1, . . . ,∞} and the reward function is decreasing in both. So Vδ(s|d)≥ Vδ(s+1|d).

This is true for any sample path of the demand, therefore Vδ is nonincreasing on S. �

Lemma 2. The average-reward problem corresponding to the Markov decision process has a stationary

solution. This solution is characterized by a set of optimality equations

λ+φ(s) = max
q

[
Ed
[

max
w∈Φ(s+(q−d)+)

{
u(s, q,w,d) +φ(s+ (q− d)+−w)

}]]
(6)

for some real λ and φ(s).

Proof. We need to establish two more properties of the discounted infinite horizon problem. First, we

show that single-stage rewards are bounded from above. Second, we show that the relative value function

hδ(s) = Vδ(s)− Vδ(0) is bounded uniformly from above and below: for each δ < 1, L≤ hδ(s)≤ U for some

constants L and U that do not depend on δ.

Note that ut(st, qt,wt, dt)≤ 3
2
(r− c), so the first property follows. From here, it also immediately follows

that Vδ(0) ≤ 3(r−c)
2(1−δ) .We will show that the second property holds. Since the value function is decreasing

in s (see Lemma 1), hδ(s) ≤ 0 for all s ≥ 0, so U = 0. Moreover, Vδ(s) ≥ δVδ(0) for all s ≥ 0, since the

manager can always write-off everything in state s and the single period reward is always non-negative. Thus

hδ(s)≥−(1− δ)V (0)≥− 3
2
(r− c), therefore L=− 3

2
(r− c).

By Theorem 8.10.7 and corollary 8.10.8 from (Puterman 1994, pp. 418-420) the result follows. �

Lemma 3. Let (q,w) be a stationary policy that requires one to order qs units and write-off ws(d) units in

state s. The Markov chain induced by this policy has the following properties:

1. If qs = 1 and ws(d) = 0 for d∈ {1,2}, then s is an absorbing state.

2. If qs = 1 or ws(1)> 0, then state s does not communicate with any states s+ k, for k > 0.

3. If {s1, s2, . . . , sk} is a closed communication class, such that s1 < s2 < . . . < sk and k > 0, then:
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(a) qsi = 2 for all i < k;

(b) wsi(1) = 0 for all i < k;

(c) si+1 = si + 1, for all i < k;

(d) wsi(2)≤ i− 1.

Proof. Under stationary policy (q,w), the transition probabilities from state i to state j are as follows:

Pr(st = i−wi|st−1 = i, qi = 1,wi) = 1; Pr(st = i−wi + 1|st−1 = i, qi = 2,wi) = 1/2 and Pr(st = i−wi|st−1 =

i, qi = 2,wi) = 1/2.

Then parts 1 and 2 follow trivially from the expression of the transition probabilities. Part 3 a) and b),

follows from parts 1 and 2. Part 3 c) follows from the fact that we can only transition to a state with a higher

inventory by at most one unit. The last part follows from the fact that the communication class is closed so

it cannot communicate with any states outside the class.

Lemma 4. An optimal stationary policy must be unichain (i.e., the Markov chain induced by that policy

contains a single closed recurrent class) with {0,1, ..., S∗} being the recurrent states for some S∗ ≥ 0, with all

other states being transient.

Proof. Assume there is an optimal stationary policy (q̇, ẇ) that induces a multichain. Then the Markov

chain induced by this policy contains at least two closed recurrent classes plus possibly a set of transient

states. Let {s, s+ 1, ..s+k} be the one closed recurrent class that does not contain state 0. Consider a second

policy (q̄, w̄) such that q̄i = q̇s+i, for all i∈ {0,1, . . . , k}, w̄i(d) = ẇs+i(d), for all i∈ {0,1, . . . , k} and d∈ {1,2},

w̄s+k(d) = 0 for d ∈ {1,2}. Under this policy, states {s, s+ 1, ..s+ k} now communicate with the recurrent

class {0, ..., k} and the average reward in state s will be the average reward corresponding to the recurrent

class {0, ..., k}. It is easy to check that c(s|q̇, ẇ) = c(s|q̄, w̄)− hs for all s ∈ {s, s+ 1, ..s+ k}. Therefore, the

stationary policy (q̇, ẇ) cannot be optimal.

In a similar way we can show that if an optimal stationary policy (q̃, w̃) induces a unichain with a recurrent

class that does not contain state 0, the policy described above (q̄, w̄) would still dominate. �

Lemma 5. The optimal policy has the following properties:

1. There are no write-offs at high demand.

2. Any write-off is full.

3. Two units are ordered in each period.
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Proof. 1. The set of recurrent states is finite, since for any state s > 2(r−c)
h

an immediate write-off to 0 is

optimal. Let {0,1, ...,M} be the unique recurrent class induced by the optimal policy. There is no write-off

at low demand for any s∈ [0,M − 1] (otherwise state M would not be recurrent). Then, from the Bellman

equation for states s∈ [1,M ] and k ∈ [1, s+ 1] we get:

r− c−h(s+ 1)−B+φ(s+ 1)≥ (r− c−h(s+ 1− k)− ck−B)+ +φ(s+ 1− k). (7)

By adding r− c to both parts and using the fact that f(x) = x+ is convex, we get:

2(r− c)−h(s+ 1)−B+φ(s+ 1)≥ (2(r− c)−h(s+ 1− k)− ck−B)+ +φ(s+ 1− k). (8)

This shows that there is no write-off at high demand for all states from 1 to M .

2. Since there are no write-offs in high-demand, there cannot be write-offs in low-demand for all states

between 0 and M − 1 (follows from Lemma 3). So the write-off could only happen in state M and it has to

be equal to M (otherwise 0 is not recurrent).

3. Any optimal policy prescribing qs = 1 at a state s must have ws(1) =ws(2), since for both demand values

the manager faces the same write-off decision. But any action of form (q,w(1),w(2)) = (1,w,w) is dominated

by an action (2,w+ 1,w), since (r− c−B−hs− (c−h)w)
+ ≤ 1

2
(2(r− c)−B−hs− (c−h)w)

+
. �

Proof of Proposition 1. From Lemma 5 we know that the optimal policy has threshold form. Fix threshold

S, sum all the Bellman equations for s∈ [0, S], and solve for λ. The average reward as function of S can be

written down as follows:

λ(S) =
3

2
(r− c)−B− 1

2

(
h(S− 1) + min

(
r− c−B

S
, c

))
. (9)

Maximizing the above function with respect to S is equivalent to minimizing the cost function ν(S) =

h(S− 1) + min
(
r−c−B
S

, c
)
. Function ν(S) might have two local minima. One minimum could be at S = 1, if

r−2c−B ≥ 0, such that ν(1) = c. Another one is the integer S̃ ≥ 1 that minimizes h(S−1)+ r−c−B
S

, whenever

r−c(S̃+1)−B ≤ 0. To find S̃, we solve for the minimal integer S such that r−c−B ≤ hS(S+1), which gives

S̃ =
⌊

1
2

+
√

r−c−B
h

+ 1
4

⌋
. To select among the two local optima if both are present, compare h(S̃− 1) + r−c−B

S̃

to c. This inequality gives the correct answer even if only one of the minima exists. If r− 2c−B < 0, then

h(S̃− 1) + r−c−B
S̃
≤ r− c−B < c. If r− c(S̃+ 1)−B > 0, then h(S̃− 1) + r−c−B

S̃
>h(S̃− 1) + c≥ c. �

Proof of Corollary 1. We will only provide the proof for r, because the cases for c, B and h could be

proven similarly. Consider the function f(r) = h(S̃(r)−1) + r−c−B
S̃(r)

− c. When f(r)< 0, S∗ equals S̃, otherwise
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it is 1. The function f(r) is piecewise-linear and increasing on each piece; also, continuous, since the switches

in S̃(r) happen exactly when h(S̃(r)− 1) + r−c−B
S̃(r)

= hS̃(r) + r−c−B
S̃(r)+1

. So f(r) is an increasing function. For

small r, f(r)< 0. Since f(·) is increasing, there is a unique r̂ such that f(r̂) = 0; for all r > r̂, f(r)> 0. �
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