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Abstract 

 

 
In combining forecasts, a simple average of the forecasts performs well, often better than 

more sophisticated methods. In a prescriptive spirit, we consider some other parsimonious, 

easy-to-use heuristics for combining interval forecasts and compare their performance with 

the benchmark provided by the simple average, using real-life data sets consisting of forecasts 

made by professionals in their domain of expertise. The relative performance of the heuristics 

is influenced by the degree of overconfidence in the experts’ intervals. With a moderate to 

high degree of overconfidence, two of the heuristics outperform the simple average, with the 

best creating wider combined intervals and locating the intervals better in terms of the 

accuracy of the midpoints of the intervals. If there is not much overconfidence, the median 

and simple average perform best. The results provide some easy-to-use alternatives to the 

simple average, with an indication of when each might be preferable. 

 

Key words: Interval Forecasts; Combining Expert Forecasts; Heuristics; Overconfidence. 
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1. Introduction 

Decisions are usually made in the face of some uncertainty, and subjective assessments of 

uncertainty about unknown quantities are needed, as well-defined, easy-to-model data-generating 

processes often do not exist in real life settings. Even if models are used, subjective judgments are 

frequently needed in the modeling process and also to adjust the output from the models to account for 

unreliability of some modeling assumptions. Subjective assessments of uncertainty are obtained from 

someone with expertise concerning the unknown quantities of interest and are often expressed in terms of 

interval forecasts, which are easily understood by both the experts and the decision makers. For example, 

a financial analyst might provide a 90% interval forecast for the price of oil three months or twelve 

months ahead. This interval, also called a 90% forecast interval or predictive interval, implies that the 

analyst assigns a 0.90 probability that the interval will include the realized value.   

Suppose that interval forecasts for an unknown quantity are obtained from more than one expert 

in order to obtain more information. How should we aggregate such forecasts? Is there any benefit in 

combining the interval forecasts? What are some reasonable measures for evaluating intervals from 

individual experts and combined intervals? These are the types of questions that we explore in this paper. 

There is an extensive literature on combining probability distributions; for reviews, see Genest 

and Zidek (1986), Cooke (1991), Clemen and Winkler (2007), and Ranjan and Gneiting (2010). Clemen 

(1989) and Armstrong (2001) review the broader area of combining forecasts, which was later 

popularized by Surowiecki (2004), who coined the phrase “the wisdom of crowds.” Two overriding 

messages from this literature are that combining forecasts can be beneficial and that simple combining 

methods are more robust, easier to use, and often perform better than more complex methods.     

Suppose that we obtain 90% intervals for an unknown quantity from k different experts.  In 

combining these intervals, there are several issues that we might take into consideration. One important 

issue is the possibility of overconfidence in the individual assessments, which leads to intervals being 

overly narrow in retrospect (Soll and Klayman 2004). Another issue is the tendency of experts to have 

positively dependent forecast errors, which greatly reduces the gains from increasing the number of 

forecasts being combined (Clemen and Winkler 1985). We could work with a detailed model that 

attempts to take account of such issues. However, such models can require the estimation of many 

parameters and can be quite sensitive to these estimates as well as to various underlying assumptions. 

Instead, consistent with the above-noted implications of previous work on combining forecasts, we 

consider some parsimonious, easy-to-use heuristics for combining interval forecasts.  

Two main desiderata of interest in interval forecasts, as with other forecasts involving probability, 

are calibration and sharpness. For example, we would like a series of 90% interval forecasts to be well-

calibrated in the sense that they capture the realized value close to 90% of the time. Intervals that show 
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overconfidence, for example, are not well-calibrated. In addition to calibration, the sharpness of the 

interval forecasts is very important. If two experts are similar in terms of calibration but one 

systematically provides narrower (i.e., sharper) intervals, then that expert’s intervals are more informative 

and therefore more valuable.  

To evaluate the performance of the heuristics, we use a scoring rule that trades off calibration and 

sharpness. In addition to the overall measure of performance given by this scoring rule, we also consider 

some partial measures of performance: the relative frequency (the rate at which the intervals capture the 

realized value, which provides information about calibration), the mean absolute error of the midpoints (a 

measure of how “well-located” the interval is), and the average width of the combined intervals (a 

measure of sharpness). 

To study the heuristics, we use two data sets of real-life forecasts. One data set is from a study at 

a major brokerage and investment firm where analysts provided 90% interval forecasts for various 

quantities in the financial markets. The other data set is based on forecasts of GDP growth and inflation as 

part of the Federal Reserve Bank of Philadelphia’s Survey of Professional Forecasters.  These two data 

sets are interesting in two respects. First, the forecasts were all provided by professionals in their domain 

of expertise. Second, these two data sets together provide an attractive contrast in terms of degrees of 

overconfidence in the individual forecasts, ranging from a very high degree of overconfidence exhibited 

by the analysts at the brokerage firm to a milder but still relevant degree of overconfidence in the SPF 

forecasters’ GDP growth forecasts to virtually no overconfidence in their inflation forecasts. 

Our results show that, as expected, consulting multiple experts and combining their interval 

forecasts leads to improved forecasts and the gains generally increase at a decreasing rate with each 

additional forecast. Most of the benefit from aggregation accrues from the first five to ten forecasts. The 

relative performance of our heuristics depends on the degree of overconfidence in the individual 

forecasts. If there is overconfidence in individual interval forecasts, as in the cases of the analysts and the 

GDP growth forecasts, the best overall performance is shown by a heuristic that combines probability 

averaging of endpoints with simple averaging of midpoints, followed by a heuristic with only the 

probability averaging of endpoints. On the other hand, if there is no overconfidence in the individual 

forecasts, as with the inflation forecasts, the order of relative performance is reversed; a heuristic that 

takes medians of the endpoints performs the best, followed by the simple averaging of endpoints.   

The capture rate of the combined intervals, their average width, and the mean absolute error of 

their midpoints shed further light on the nature of the heuristics and their relative performance in the 

different cases. We show how these measures interact with each other and relate to the overall 

performance of the heuristics on the scoring rules in addition to how they relate to the degree of 

overconfidence in the individual intervals, which is an important pointer to which heuristics should be 



4 
 

more promising to use.  

Our analysis, which involves forecasts made by professionals in their domains of expertise, has 

important prescriptive implications for combining interval forecasts. We show that considerable 

improvements over the individual forecasts from the experts can be obtained from some simple, easy-to-

use combining heuristics and identify factors that favor particular heuristics. The simple average has a 

long track record of excellent performance in combining forecasts, and we show that with one exception, 

the other heuristics can hold their own against the benchmark of the simple average. Since interval 

forecasts can be understood easily by decision makers, can be made more easily and quickly than 

forecasts of complete probability distributions, and can be aggregated more easily and quickly with these 

heuristics than through the development of detailed models, such heuristics deserve further study. This 

could lead to more frequent consideration of uncertainty and the wisdom of multiple experts in important 

real-world situations.  

In §2, we formally define our heuristics and the measures we use to evaluate their performance. 

We describe our data sets and study the performance of the individual intervals and the heuristics in §3, 

followed by a summary and discussion in §4. 

 

2. Heuristics and Evaluation Measures 

 There are many different ways that interval forecasts can be combined. We consider five 

heuristics that are very easy to apply and seem reasonable based on the past research on combining of 

probability distributions. Those heuristics are presented in §2.1, followed in §2.2 by measures that we use 

to summarize and evaluate the individual interval forecasts and the combined interval forecasts created by 

the heuristics.  

2.1 Heuristics for Combining Interval Forecasts  

 Suppose that we have 100(1 )% forecast intervals [ , ],  1, , ,  for a random variablei ik L U i kα− = K

* * * *
1 1 5 5,  and let [ , ], ,[ , ] denote the 100(1 )% combined forecast intervals for x L U L U xα−% %K  obtained from the 

k individual intervals via the 5 heuristics considered in this study. In this subsection we describe those 

five heuristics.      

H1. Simple Averaging:  * *
1 11 1

1 1
,  .

k k

i ii i
L L U U

k k= =
= =∑ ∑  This heuristic just takes a simple average of the 

endpoints of the intervals. In combining point forecasts or probability forecasts, just as in summarizing 

data, simple averages are often used, not only because of their simplicity but also because of their good 

performance and robustness in many real-life settings. If we assume that the individual interval forecasts 

are symmetric in terms of probability, so that ( ) 1 ( ) / 2,  1, , ,i i i iF L F U i kα= − = = K  where iF  represents 
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forecaster i’s cdf for ,%x  then H1 corresponds to averaging quantiles, which has been shown to perform 

well (Lichtendahl et al. 2013). 

H2. Median:  * *
2 1 2 1( , , ),  ( , , ).= =K Kk kL Median L L U Median U U  The median is another measure 

commonly used in summarizing data, and it is less sensitive to extreme values than the mean. Hora et al. 

(2013) study the combination of probability distributions via the median cdf and show that it has many 

desirable properties. 

H3. Enveloping:  * *
3 1 3 1( , , ),  ( , , ).= =K Kk kL Min L L U Max U U  This heuristic is consistent with the idea 

that each expert’s window on the world is only a partial view and that the aggregate view should envelop 

all of these views so that no forecasts, however extreme, are discarded or discounted. Unless the k 

individual intervals are identical, enveloping will yield a wider interval than the other heuristics. Also, by 

yielding wide intervals, it is one way to overcome overconfidence that might be exhibited by the 

individual forecasts.  

H4. Probability Averaging:  * * * *
4 4 4 41 1

1 1
 and  satisfy ( ) / 2 and ( ) 1 / 2, 

k k

i ii i
L U F L F U

k k
α α

= =
= = −∑ ∑

where the individual interval forecasts are assumed to be based on normal cdfs with ( ) 1 ( )= −i i i iF L F U   

/ 2,  1, , .α= = Ki k  In words, *
4L  is the value at which the average of the cumulative probabilities  

1, ,  is / 2,kF F αK  and *
4U  is the value at which the average of the cumulative probabilities is 1 ( / 2).α−  

As with H1, H4 involves simple averaging, but this averaging is of probabilities instead of quantiles. This 

heuristic is also in the spirit of yielding a wider interval but in a more tempered manner than H3, which 

simply considers the most extreme endpoints. 

H5. Simple Averaging of Midpoints and Probability Averaging of Endpoints:  The midpoint of the 

combined interval from H5 is *
5 1

1
,  where ( ) / 2

k

i i i ii
M M M L U

k =
= = +∑  is the midpoint of the i th  

interval. The width of the combined interval is * * * *
5 4 4 4.W W U L= = −  H5 combines aspects of H1 and H4. 

The midpoint, *
5 ,M  is the same as the midpoint *1M of the H1 interval, and the width is the same as the 

width of the H4 interval. Thus, * * *
5 1 40.5  andL M W= − * * *

5 1 40.5 .U M W= +  The H5 interval can be viewed as 

taking the H1 interval and adjusting its width (borrowing the width of the H4 interval), or as taking the 

H4 interval and shifting it up or down so that its midpoint is the same as that of the H1 interval.   

2.2 Measures for Summarizing and Evaluating Interval Forecasts 

 Before the value of %x  is known, an interval forecast for %x  (including a combined interval 

forecast) can be summarized by statistics such as its midpoint and width. If k intervals are to be combined, 

summary measures such as the mean and standard deviation of the k midpoints and of the k widths can 
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tell us something about the k intervals. The midpoint and width of a combined interval forecast can be 

compared to the summary statistics of the set of intervals being combined, and we can compare the 

summary measures for interval forecasts from the five heuristics in §2.1. 

 Of course, the key question of interest for a forecast is how well it performs in view of the 

realized value x of .%x  For measuring this kind of performance, a value for just one or a few forecasts is 

not very helpful. Instead, we compute average values of the measures over a series of forecasts. These 

averages can be taken over a series of forecasts for different quantities (e.g., high temperatures on 

different days) from an individual forecaster or a particular combining heuristic. Alternatively, they can 

be taken over a series of forecasts given by different forecasters or different heuristics for the same 

quantity (e.g., high temperature on a given day) or over both different quantities and different forecasters. 

In evaluating the individual forecasters and the five heuristics, we focus primarily on the following 

measures. 

Average Q-score:  A 100(1 )%α−  interval forecast [ , ]L U  can be evaluated by the Q-score, a strictly 

proper quantile scoring rule (Jose and Winkler 2009): 

 ( , , ) 2 ( / 2)( ) ( ) ( ) ,α + += − − − − − −Q L U x g U L L x x U   

where max{ ,0},w w+ =  a higher score is better, and g is a constant that can be chosen to scale the score 

as desired. Without loss of generality, we set 0,=g  in which case the score is always negative and a less 

negative score is better. In our empirical studies, we work with 90% interval forecasts, which correspond 

to 0.10.α =  

 The ( / 2)( )U Lα− −  term represents a penalty associated with the width of the interval, and the 

last two terms represent penalties imposed if x falls below or above the interval. The tradeoff is that a 

wider interval is given a higher penalty for width but avoids or reduces the penalty for not “capturing” the 

realized value in the interval. For a series of interval forecasts for different quantities, forecasters, or 

heuristics, we use the average Q-score, ,Q  as an overall measure of the accuracy of the interval forecasts, 

taking into account both sharpness and calibration. Good interval forecasts are sharp in the sense of 

having narrow intervals and well-calibrated in the sense of having a “capture rate” close to the 

100(1 )%α−  indicated by the forecast.  

Relative Frequency:  Over a series of interval forecasts, the relative frequency (RF) of times the interval 

captures the realized value is an informative statistic. With the 90% interval forecasts we consider, the 

forecasts are perfectly calibrated if 0.90,=RF or 90%. 90%RF <  indicates overconfidence: intervals too 

narrow to capture the expected percentage of realized values in the intervals. Similarly, 90%RF >  

indicates underconfidence. 
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Average Interval Width:  It can be helpful to compare the average interval width W over a series of 

interval forecasts. This measure indicates the degree of uncertainty about a variable being forecast that is 

implied by the intervals and can help explain any overconfidence or underconfidence revealed by RF. 

Mean Absolute Error:  This refers to the absolute error of the midpoint of the interval as a point 

forecast, the difference between the midpoint and the realized value of :%x  AE = |M – x |. The mean 

absolute error (MAE) is the average absolute error over a series of forecasts. This is a common measure of 

accuracy for point forecasts, and it indicates how “well-located” the intervals are, thereby providing 

different information than .W  

 In addition to these measures, we consider some other measures as well. For example, the number 

of realized values below lower bounds and the number above upper bounds can tell us whether the values 

not captured by the intervals are divided roughly equally between being above and being below the 

intervals, or whether there is a strong asymmetry (e.g., a tendency to systematically underforecast or 

overforecast ).x%  

 

3. Empirical Studies 

 We analyzed data from two data sets of forecasts. The first data set is from a study we designed 

and conducted with analysts at a brokerage and investment group. The analysts made interval forecasts 

involving stock exchange indices and oil and gold prices. The second data set is based on experts’ 

probability forecasts of GDP growth and inflation for the Survey of Professional Forecasters (SPF). In 

both data sets, the forecasters were experts who followed the variables of interest on a regular basis. 

Relevant details concerning these data sets and summary statistics related to the analysts’ and SPF 

experts’ forecasts are presented in §3.1, and our analysis of the performance of the heuristics is presented 

and discussed in §3.2.  

3.1 Data Description and Summary Statistics 

 Data from Analysts 

 Fifty-nine analysts at a major international brokerage and investment group, CLSA, participated 

in a study in which they provided interval forecasts. CLSA is headquartered in Hong Kong, with more 

than 1,350 professionals located in 15 major Asian cities and in other major financial centers such as 

London, New York, and Sydney (see https://www.clsa.com/home.php). The median age of the 

participants, all with university or advanced degrees, was 36 years, and the median years of service with 

CLSA (not including experience at other financial houses) was five years. The analysts in our sample 

were based in New York, Tokyo, and Hong Kong. They participated in an online survey where they 

provided 90% interval forecasts one month, two months, and three months ahead for some of the financial 

quantities that were of most interest to and were continuously tracked by them: the price of Oil in 
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US$/barrel from the Brent EUCRBRDT Index (Oil1 to Oil3), the price of Gold in US$/oz from the 

Bloomberg GOLDS COMDTY Index (Gold1 to Gold3), the Dow Jones Industrial Average Index (DJ1 to 

DJ3), the Nikkei NKY Index (NK1 to NK3), and the Hang Seng HIS Index (HS1 to HS3). 

SPF Data 

 In addition to the analysts’ data, we also analyzed the forecasts of annual GDP growth (1992-

2009) and annual inflation (1992-2010) reported by experts surveyed in the first through fourth quarters 

(Q1-Q4) of each year as part of the Federal Reserve Bank of Philadelphia’s Survey of Professional 

Forecasters. Panelists reported probabilities that percentage changes in U.S. real GDP and U.S. inflation 

for the full year would fall in each of ten predetermined bins. The experts did not all participate in the 

survey every year. Our data involved 25-50 experts per year for both GDP and inflation forecasts. The 

data are part of the data set downloaded from http://www.phil.frb.org/econ/spf and analyzed by 

Lichtendahl et al. (2013). We used data starting from 1992 to have the same ten bins over the period of 

our analysis. Since the panelists were not asked directly about interval forecasts, we approximated the 

SPF panelists’ continuous predictive distributions by fitting piecewise-linear cdfs to their reported 

discrete distributions, as in Lichtendahl et. al. (2013). We then took the 0.05 and 0.95 quantiles of the 

fitted cdfs to construct 90% prediction intervals.  

Summary Statistics 

 Summary statistics involving the analysts’ forecasts are presented in Table 1 for the three lead 

times (e.g., DJ1 to DJ3) for all five quantities of interest. The overall measure of “goodness” of the 

forecasts, the average Q-score, cannot be compared for different quantities, because it depends on the 

scaling of and the degree of uncertainty about ,x%  but Q-scores for different lead times for the same 

variable are comparable. As anticipated, Q  tends to be better (less negative) for shorter lead times, with 

the only violations occurring in going from HS2 to HS3 and Gold2 to Gold3. The MAE of the interval 

midpoints is also better for shorter lead times except for the same violations as .Q   

 The average interval widths in Table 1 decrease with shorter lead time for all quantities, which is 

not surprising. The relative frequencies, however, are not consistent in their shifts as lead time decreases, 

tending to decrease from lead time 1 to 2 and then increase from 2 to 3. Overall, RF is always below 90%, 

indicating overconfidence, and often exhibits an extremely high degree of overconfidence, getting as low 

as 10.17% for NK2. For each quantity except Gold, the shortest lead time has the least overconfident 

intervals, suggesting that the increases in interval widths observed for longer lead times are not sufficient.  

 Finally, if we confine our attention to those forecasts for which the interval does not capture the 

realized value, the realized values are predominantly below or predominantly above the intervals, never a 

roughly even mix between the two sides. The number of forecasts for which x is below the interval and 
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the number with x above the interval for a given quantity and a given lead time, shown in the last column 

of  Table 1, demonstrates this asymmetric tendency. For example, HS2 and Gold1 both had very low 

values of RF, 13.6% for HS2 and 18.6% for Gold1. HS2 had 51 misses, with x below the interval for 49 

forecasts and above for 2 forecasts, whereas for Gold1’s 48 misses, x was below for 1 forecast and above 

for 47. This indicates high correlations among the forecast errors from the different analysts. 

 Tables 2 and 3 give the same set of statistics for the SPF forecasts of GDP and inflation, 

respectively, with year-by-year results shown only for Q1 to save space because the year-by-year results 

for Q2-Q4 are very similar in nature. Averages across the years are shown for Q1-Q4 in order to look at 

lead time effects. Note that unlike the analysts’ forecasts, with Oil1 indicating the shortest lead time and 

Oil3 the longest for forecasts of oil prices, Q1 represents the longest lead time and Q4 the shortest for the 

SPF forecasts. The analysts made all of their forecasts at the same time for values of the quantities one, 

two, and three months ahead. The SPF forecasts are all for the same full-year values of GDP and 

inflation, with the longest lead times corresponding to Q1 forecasts, made in the first quarter of the year, 

and the shortest corresponding to Q4 forecasts. 

 For inflation, Q  and MAE improve for shorter lead times. For GDP, the same thing is true for 

MAE, but Q  is slightly worse in going from Q2 to Q3 and Q3 to Q4. Also similar to the results for the 

analysts, the average width decreases with shorter lead times for both variables.  

 The biggest difference between the analysts’ forecasts and the SPF forecasts involves RF. 

The GDP forecasts exhibit overconfidence (average RF near 70% for Q1-Q3, declining to 58.6 for Q4), 

but it is much less severe than for the analysts (average RF of 37.4%). And for inflation, the forecasts are 

not overconfident, hovering around 90% for all four lead times. The misses for a given quantity tend to 

cluster on one side of the interval for both GDP and inflation, as for the analysts, although that evidence is 

weaker for the inflation forecasts because the high RF values mean that there are not that many misses in 

the first place.  

 Some differences between the characteristics of the analysts’ forecasts and the SPF forecasts 

might be expected. The analysts had little or no experience at making formal probability forecasts or 

interval forecasts, and there was not much chance to learn from experience. Many of the SPF experts, on 

the other hand, had previous experience at making probability forecasts through the SPF program itself 

and perhaps otherwise. Also, as noted earlier, the elicitation methods were different, with the analysts 

directly providing their 90% intervals and the SPF experts providing probabilities for predetermined bins, 

from which their 90% intervals were constructed. A similarity that is important in our view is that both 

the analysts and SPF forecasters can be considered substantive experts with respect to the quantities they 

were forecasting and may often make some types of forecasts of those quantities, whether formal or not, 
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as part of their normal occupations.   

 

3.2 Performance of the Heuristics 

 In this section, we show the performance of the different heuristics for combining intervals in the 

three cases of the analysts, GDP, and inflation. In each of these cases, for each forecasting variable, we 

formed random subgroups of 2, ,20k = K  forecasters, with 10,000 simulations for each k, and created 

combined intervals using heuristics H1 to H5. We then computed the four performance measures for the 

combined intervals: average Q-score( ),Q  relative frequency (RF), average interval width ( ),W  and mean 

absolute error of the interval midpoint (MAE).  

 For reasons of space and brevity, we present results aggregated across the five forecasting 

variables and three time horizons for the analysts and across the different years with Q1 only for GDP and 

inflation; similar graphs for the Q2-Q4 SPF forecasts look virtually the same. Before combining intervals 

for the analysts, we rescaled their forecasts in terms of return, where return = (forecast/actual value at the 

time of forecast) –1, in order to place all the forecast intervals on the same scale. The realized values were 

similarly rescaled to yield realized returns. No such rescaling was necessary for GDP and inflation, as 

those variables of interest were the same from year to year.   

 Figure 1 shows the average Q-score for combined intervals from heuristics H1 to H5 as a function 

of k for the analysts, GDP, and inflation. The relative performance of heuristics in terms of Q-score is 

similar for analysts and GDP, but the order is different for inflation. For the analysts and GDP, the Q-

score increases at a decreasing rate with k for all of the heuristics except H3, under which it increases 

rapidly and is the best Q-score among all heuristics for the first few values of k (up to k = 4 for analysts 

and k = 3 for GDP) but thereafter decreases. Overall, putting aside H3, H5 appears to perform the best, 

followed by H4, H1, and then H2.  

 For inflation, H2 seems to perform the best followed by H1, then H4 and H5 which are mostly 

overlapping, and finally H3 which performs the worst. Also, the gain in Q  from a higher k is minimal 

under H2 and H1, shows no discernible increase under H4 and H5, and is negative under H3. These 

differences in the overall relative performance of heuristics between analysts and GDP on one hand and 

inflation on the other can be attributed to the nature of the heuristics combined with the degree of 

overconfidence in the underlying interval assessments of the forecasters. The overall average relative 

frequency for the 90% intervals is 37.4% for analysts, 67.4% for GDP(Q1), and 88.7% for inflation(Q1), 

implying a high degree of overconfidence for the analysts, a somewhat lesser but still substantial degree 

of overconfidence with GDP, and no overconfidence to speak of with inflation.  

How factors such as this difference in degree of overconfidence translate into the overall relative 
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performance Q  of the heuristics is better understood by looking at the nature of the heuristics through 

partial measures of their performance. Figures 2, 3, and 4 show the relative frequency, average width, and 

mean absolute error of the interval midpoint, respectively, of the combined intervals under the five 

heuristics as a function of k for the analysts, GDP, and inflation. These three partial measures of 

performance interact with each other, leading to the overall performance measure, the Q-score.  

 The width is directly related to the Q-score because, as noted when the Q-score was defined in 

§2.2, it includes a term ( / 2)( ) ( / 2)U L Wα α− − = −  that is proportional to W. The width also relates to 

the penalties incurred when x is not captured by the interval, represented by the terms ( )  and L x +− −

( ) .x U +− −  The wider the interval, the farther x has to be from the midpoint before one of these two 

penalties is activated, and the smaller the penalty is for a given x when it is activated. Thus, W affects 

both the penalty for width and the penalty for x being outside the interval, with the former penalty 

increasing and the latter penalty potentially decreasing as W increases.  

 The relative frequency affects the Q-score because the higher RF is, the less often the penalty for 

x being outside the interval comes into play. The wider the interval, the higher RF will be, all other things 

equal, so a higher RF is related to the good and bad implications for the Q-score of a larger W. For a 90% 

interval, the optimal balance between these good and bad implications occurs when 90%.=RF  

 The MAE is also connected to all of these measures. The Q-score for a 90% interval can be 

expressed as ( , ) 0.05 ( 0.5 ) .Q AE W W AE W+= − − −  Thus, all other things equal, the penalty associated 

with the second term of ( , )Q AE W  is more likely to kick in when AE is larger. Similarly, a larger AE, 

which indicates that x is likely to be more distant from the center of the interval, makes it more likely that 

the interval will not capture x. Of course, higher values of AE imply a higher MAE, so we can expect a 

higher MAE to be associated with a lower RF.   

 Note in Figure 2 that the relative frequencies for k =1 (37.4% for the analysts, 67.4% for Q1 

GDP, and 88.7% for Q1 inflation) correspond to the degrees of overconfidence for the three cases, with a 

lower RF implying greater overconfidence. In all three cases, RF increases with k under all of the 

heuristics except for H1 and H2. Under H1 for the analysts, RF goes up slightly and is then roughly 

constant with k, whereas it declines under H2. For GDP, RF is roughly constant for both H1 and H2, 

declining slightly under H1. RF is uniformly highest under H3 compared to the other four heuristics, 

which is not surprising at all since H3 creates the widest combined interval, encompassing the combined 

intervals from the other heuristics. H3 moves quickly from overconfidence to underconfidence as k 

increases. After H3, the next highest relative frequencies are for H5 and H4, but note that the RF for H5 is 

slightly higher or equal to that of H4, even though both heuristics create the same interval width. This has 

to do with better placement (lower MAE) of the combined interval under H5, as discussed below. H5 and 
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H4 both become less overconfident as k increases in all three cases, but only for inflation do they reach 

the level of being underconfident. The relative frequencies of H1 and H2 are the lowest in all cases.   

 Figure 3 on interval widths is similar for all three cases. H1, which is simple averaging of the 

lower and upper bounds, must lead to an average width that is constant over k. The average widths 

increase with k under all other heuristics except H2, which creates marginally smaller widths after k = 2. 

Further, the average width is highest under H3, followed by H4 and H5, which have the same width. As 

noted earlier, H3 must create the largest widths as it encompasses combined intervals from all other 

heuristics. H4 and H5 lead to wider intervals than H1 and H2 but not as wide as H3.  

 Finally, looking at Figure 4, one can see that MAE declines with k under all heuristics except for 

H3, where it actually increases. The MAE is best under H1 and H5 (by definition, it is the same under H1 

and H5), followed closely by H2, then H4, and the worst is H3. The midpoint of H1and H5 by definition 

is equivalent to simple averaging of the midpoints of individual intervals, and that improves the MAE of 

the midpoint of the combined interval, consistent with idea of accuracy of point forecasts improving well 

with simple averaging. H3, on the other hand, is just focused on the extreme lower and upper bounds of 

the individual intervals in a group. Hence, its midpoint will be quite volatile and prone to high values of 

MAE with increasing k. H4 is similar in this respect to H3, but in a more controlled and less volatile way. 

Hence, it does much better than H3 in terms of MAE and worse than H1/H5 and H2 but not too much 

worse if the individual intervals do not exhibit strong overconfidence.  

 Combining the observations from Figures 2, 3, and 4 discussed above sheds light on the overall 

performance of heuristics as shown by Figure 1 on Q-scores. H1 can substantially improve the placement 

of the combined interval by improving the accuracy of the midpoint. However, any meaningful degree of 

overconfidence in the individual intervals is not corrected for, even with a high k. Any increase in Q-score 

with k seems to be due simply to the better accuracy of the midpoint, as is the case for the analysts and 

GDP. On the other hand, if there is no overconfidence in the individual intervals, as in the case of 

inflation, H1 performs very well, as the combined interval gets better placed as k increases.  

 H2 also increases the accuracy of the midpoint with k, but at the same time it creates marginally 

smaller interval widths than H1, thus performing even worse than H1 in accounting for overconfidence. 

This is seen in Figure 1, where the Q-score under H2 is almost flat over k, the worst of all heuristics for 

analysts and mostly so for GDP. In contrast, the Q-score for H2 does the best of the heuristics for 

inflation, where overconfidence is not an issue, and the marginally narrower intervals make it slightly 

better than H1. 

 H3 is an extreme brute-force heuristic that can do well for very small values of k when there is 

substantial overconfidence. For example, with the analysts and GDP, the average relative frequency of the 

individual intervals (for k = 1) is well below 90% for the 90% intervals. As k increases, H3’s RF rather 
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quickly goes to 90% and beyond due to the rapidly increasing width of the combined interval, resulting in 

H3 creating very underconfident forecasts.  At the same time, the MAE of H3 increases with k. Hence, as 

k increases, the Q-score of H3 first does well for the first few values of k due to the needed correction for 

overconfidence but thereafter begins to decline quickly as this correction becomes overdone in terms of 

excessive width. For inflation, on the other hand, the individual intervals are on average already well 

calibrated. Thus, H3 creates excessive width in the combined interval even for small values of k, which 

leads to a Q-score that declines with k from the start and performs by far the worst among all heuristics.   

 H4 provides some of the benefits of H3 when there is overconfidence, but in a more tempered 

way, without creating excessive width by just the extreme values and without declining in performance 

beyond very small k. This balancing works reasonably well when there is overconfidence, but when the 

individual intervals are not overconfident, the increases in width provided by H4 dampen gains in 

performance. This is consistent with results showing that combining by averaging probabilities, as in H4, 

results in combined forecasts that move in the direction of less overconfidence or more underconfidence 

as compared with the individual forecasts (Hora 2004, Ranjan and Gneiting 2010, Lichtendahl et al. 

2013). Thus, the combined forecasts are less overconfident than overconfident individual forecasts and 

are underconfident if the individual forecasts are not overconfident. Finally, the shifts in the endpoints are 

such that the midpoint for H4 does not perform as well as H1, H2, and H5 in terms of MAE, which in turn 

hurts its Q-score. 

 H5 combines the beneficial characteristics of H1 and H4, whereby it improves the accuracy of the 

midpoint and at the same time accounts for overconfidence by increasing the width beyond just the 

average width of the individual intervals but not to the extreme shown by H3. This is reflected by the Q-

score of H5 with the analysts and GDP, where it performs the best. In terms of the location of H5’s 

intervals, its borrowing of H1’s midpoint makes it the leader, along with H1, in terms of MAE. It can also 

be seen in the relative frequencies, which show that H5’s forecasts reduce overconfidence more 

effectively than all of the heuristics except the too-extreme H3. However, if there is not much underlying 

overconfidence, as in the case of inflation, the higher width compared to that under H1 and H2 makes it 

underperform H1 and H2. On the whole, though, unless we are reasonably confident that any 

overconfidence is minimal, H5 might be the safest heuristic to use.  

 What are the implications of these results for the choice of k, the number of experts to consult 

when obtaining forecasts? Looking at Figure 1, we see that for the analysts and GDP, most of the gains in 

average Q-score for H5 and H4, the best-performing heuristics in those cases, are attained by 5,=k  with 

much smaller gains from 5=k  to 10k =  and beyond. For inflation, with no overconfidence, H2 and H1 

perform best, and most of their gains in Q-score are realized by 3 5.= −k This suggests that if we are 

quite unsure about the degree of overconfidence to expect in a given situation, any k from 5 to 10 might 
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be a good choice. Others studying the aggregation of forecasts have come to similar conclusions about k 

(Armstrong 2001, Hora 2004, Budescu and Chen 2014, Mannes et al. 2014). 

4. Summary and Discussion 

 The best (or only) source of information regarding some uncertain quantities of interest is often 

expert judgment, which is frequently elicited in terms of interval forecasts or a few quantiles instead of 

the more complex assessment of entire probability distributions. Multiple experts are typically consulted 

and their forecasts are combined. Extensive work on combining forecasts shows that simple combining 

methods are more robust, easier to use, and often perform better than more complex methods. Moreover, 

decision makers may be less inclined to use the more complex methods because they tend to involve 

detailed modeling and the estimation of various model parameters.    

Taking all of these things into consideration, we investigated the performance of some 

parsimonious, easy-to-use heuristics for combining interval forecasts, using real-life data sets consisting 

of forecasts made by professionals in their domain of expertise. Our results show that, as with point 

forecasts, consulting multiple experts and aggregating their interval forecasts with these heuristics yields 

improved forecasts, and we are able to identify factors that favor particular heuristics.  

In our empirical studies, the relative performance of the heuristics is influenced by the presence 

of overconfidence in the individual intervals. If there is a high degree of overconfidence in these intervals, 

then H3, H4, and H5 do well against the benchmark heuristic H1 involving simple averaging of the 

endpoints. This happens because H3, H4, and H5 create wider combined intervals, a needed correction for 

overconfidence. However, if this is overdone, as is the case with H3 beyond very small values of k, then 

the combined interval can be underconfident and the performance of the heuristic suffers. Between H4 

and H5, H5 has a slight advantage. In addition to creating a needed adjustment of the width of the 

combined interval, H5 locates the interval better in the sense of its midpoint being a more accurate point 

forecast, essentially combining the merits of H4 with those of H1. This is what we observe with the 

analysts and GDP, for which the individual intervals are clearly overconfident. On the other hand, if there 

is not much overconfidence in the individual intervals, as with inflation, then H1 and H2, which do not 

create wider combined intervals and at the same time have more accurate midpoints, perform better. 

When we are dealing with decisions in real time, of course, we want to combine individual 

forecasts before we see the realizations. Can data on interval forecasts from the same set of experts on 

past realizations of the same quantities be helpful? Absent such data, how can we predict the calibration 

(particularly the degree of overconfidence) of the individual intervals? 

Correcting for overconfidence can be tricky. The degree of overconfidence can vary depending 

on the expert, the quantity, and the way the judgments are assessed (Klayman et al. 1999). In our study, 

the degree of overconfidence exhibited by the interval forecasts for individual experts varied from 
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situation to situation, ranging from a very high degree of overconfidence to no overconfidence. Even 

within the same domain, the SPF forecasters were overconfident for GDP growth but not for inflation. 

Thus, previous performance from similar forecasts or from “test questions” designed to help analysts 

calibrate experts might not be reliable.  

Some studies have found that assessment procedures other than direct assessment can reduce 

overconfidence in interval forecasts. Soll and Klayman (2004) found that overconfidence could be 

reduced by assessing the two endpoints separately (e.g., asking for the .05 quantile and then the .95 

quantile instead of asking for the 90% interval), and asking in addition for the median provides further 

reduction. Budescu and Du (2007) expanded on this approach, assessing multiple quantiles, fitting a full 

predictive distribution to those quantiles, and determining an interval forecast from the distribution. Haran 

et al. (2010) assessed probabilities for preselected bins chosen to cover the entire range of feasible 

outcomes and determined an interval forecast from the resulting probability distribution. Jain, et al. 

(2013) took a different approach, that of unpacking the time horizon; before considering forecasts for the 

horizon of primary interest, the assessors were asked to make forecasts for the same quantity at 

intermediate time horizons. All of the modifications in these studies led to reduced overconfidence.  

None of the above studies looked into implications for combining the individual interval 

forecasts, but our empirical studies relate to their assessment procedures. The analysts provided interval 

forecasts directly, which has been shown to lead to greater overconfidence than other procedures. 

However, they also worked with unpacked time horizons, which reduced overconfidence in Jain et al. 

(2013). The SPF forecasters, on the other hand, assessed probabilities for preselected bins as in Haran et 

al. (2010). Predictive distributions were then fit to these probabilities, just as Budescu and Du (2007) fit 

distributions to assessed quantiles, and interval forecasts were determined from these predictive 

distributions. Thus, we might expect the way the SPF forecasts were assessed and combined to lead to 

lower overconfidence than exhibited by the analysts, which is what happened.   

Current views on overconfidence as a cognitive bias run the gamut. Glaser, et al. (2013, p. 405), 

after stating that “Overconfidence is often regarded as one of the most prevalent judgment biases,” note 

that there is a debate about whether overconfidence might be “an ecological and statistical illusion that 

just seems to exist but is not real.” They quote O’Hagan et al. (2006, p. 82): “Juslin et al. (2000) argue 

vehemently that, when all potential artifacts associated with calibration tasks and their analysis are taken 

into account, there is little evidence of any meaningful cognitive overconfidence bias.” However, interval 

forecasts that capture fewer realizations than expected, often by a considerable margin, represent a 

phenomenon that is extremely common, whether it is caused by a cognitive bias or not. Overall, as 

mentioned earlier, unless we are fairly confident that any overconfidence is minimal, using H5 with 5 to 

10 experts to combine interval forecasts might be a reasonable approach. 
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Another issue noted in §1 is the tendency of experts to have positively dependent forecast errors. 

This tendency is indicated in our empirical studies by the last columns of Tables 1-3, as noted in §3.1. 

The primary impact of such dependence is to reduce the potential improvement in performance from 

additional experts. If the experts in our empirical studies had been less dependent, the gains from all of 

our heuristics could have been even greater. More diversity can help in reducing dependence, where lack 

of diversity is reflected by experts who have similar training, read the same literature, subscribe to the 

same theories, use the same models, have access to the same data sets, and so on.  

We have tried to use simple heuristics involving few or no assumptions. H1, H2, and H3 are best 

in this sense, requiring no assumptions. H4 and H5 use a normal distribution assumption to determine the 

endpoints of the combined interval forecast, but that doesn’t require any assumptions about 

overconfidence or other cognitive factors. What other relatively simple heuristics could be considered? 

Overconfidence is associated with narrower intervals, so we might try to correct for overconfidence by 

simply increasing the width of all of the experts’ intervals by a fixed factor, leaving the midpoints 

unchanged. However, this approach is rather ad hoc, and the multiplying factor would be hard to select 

because overconfidence has been shown to vary not only across individuals, but across assessment 

procedures, quantities being assessed, and lead time for a given individual, as noted above.  

What about weighted averages, which are used quite often? The idea of giving “better experts” 

higher weight is intuitively appealing, but it is not as simple as the heuristics considered here because it 

requires estimation of the weights, whether subjectively or via models or data on past performance. Rowe 

(1992, p. 161) notes that “A considerable number of studies have examined the relative worth of various 

weighting schemes, and have generally found there to be little advantage (if any) in using differential over 

equal weighting.”  

Trimmed averages are a special case of weighted averages that have received some attention to 

combine forecasts (Yaniv 1997, Jose et al. 2014). The estimation of weights amounts to deciding which 

forecasts to trim (omit), giving them a weight of zero while giving the remaining forecasts equal weights. 

The usual trimming of extreme values can be advantageous with underconfident forecasts, while 

overconfident forecasts call for trimming some of the least extreme values (Jose et al. 2014). Thus, 

choices between these two types of trimming (exterior and interior trimming), including how much to 

trim, make this approach comparable in difficulty to choosing the multiplicative factor when multiplying 

the interval widths by a constant. 

Simple averages are widely used in combining forecasts. They offer simplicity, good performance 

without making any restrictive assumptions, and robustness. We used the simple average and four other 

easy-to-use heuristics also satisfying the principal of parsimony to combine interval forecasts. With no 

overconfidence in the individual forecasts, the simple average performed well, as expected, as did the 
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median. When there was overconfidence in the individual intervals, two of the other heuristics stacked up 

quite well against the benchmark provided by the simple average. This provides practitioners a few 

convenient combining methods as possible alternatives to the simple average, with an indication of when 

each might be preferable. 
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Quantity 
Average 

Q-Score 

Average 

Width 

Relative 

Frequency 

MAE of 

Midpoints 

Misses <  L , 

Misses > H 

DJ1 -127.62 1155.15 59.32% 349.69 0, 24 

DJ2 -498.55 1539.96 33.90% 937.53 38,  1 

DJ3 -757.25 1847.86 23.73% 1296.32 44, 1 

HS1 -292.51 2147.97 59.32% 709.49 22, 2 

HS2 -1282.25 2725.85 13.56% 2229.63 49, 2 

HS3 -919.17 3275.47 38.98% 1820.81 32, 4 

NK1 -107.10 1296.08 86.44% 249.87 7, 1 

NK2 -991.37 1739.39 10.17% 1622.05 52, 1 

NK3 -1464.31 2115.61 13.56% 2271.71 51, 0 

Gold1 -42.38 125.67 18.64% 84.31 1, 47 

Gold2 -56.89 175.48 23.73% 110.61 1, 44 

Gold3 -36.57 206.31 67.80% 91.49 4, 15 

Oil1 -1.39 12.19 57.63% 4.00 0, 25 

Oil2 -4.96 16.69 25.42% 9.88 44, 0 

Oil3 -7.52 20.53 28.81% 13.73 42, 0 

Average 
  

37.40% 
  

 

Table 1. Summary Statistics for Analysts. 
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Year 
Number of 

Forecasters 

Average 

Q-Score 

Average 

Width 

Relative 

Frequency 

MAE of  

Midpoints 

Misses <  L , 

Misses > H 

1992 36 -0.5371 3.25 38.89% 1.61 0, 22 

1993 31 -0.1525 2.83 96.77% 0.39 0, 1 

1994 27 -0.1860 2.93 81.48% 0.85 0, 5 

1995 25 -0.2029 2.72 92.00% 0.57 2, 0 

1996 35 -0.8216 3.03 22.86% 2.08 0, 27 

1997 33 -0.7670 2.91 18.18% 2.03 0, 27 

1998 29 -0.7432 2.62 13.79% 1.83 0, 25 

1999 30 -0.6788 3.43 26.67% 2.19 0, 22 

2000 33 -0.1670 3.03 90.91% 0.73 0, 3 

2001 30 -0.2335 3.47 80.00% 0.81 6, 0 

2002 30 -0.2199 3.19 90.00% 0.76 1, 2 

2003 33 -0.1755 3.49 96.97% 0.531 0, 1 

2004 27 -0.2388 3.85 85.19% 0.86 4, 0 

2005 32 -0.1914 2.84 90.63% 0.48 3, 0 

2006 49 -0.1823 2.99 91.84% 0.58 4, 0 

2007 46 -0.1667 2.88 84.78% 0.70 7, 0 

2008 43 -0.6161 3.15 37.21% 1.75 27, 0 

2009 39 -0.5509 3.52 74.36% 1.94 10, 0 

Q1 Avg. 33.8 -0.3795 3.12 67.36% 1.15 
 

Q2 Avg. 36.1 -0.2573 2.86 74.64% 0.90 
 

Q3 Avg. 34.9 -0.2580 2.43 70.30% 0.83 
 

Q4 Avg. 34.8 -0.3030 1.79 58.59% 0.77 
 

Average 34.9 -0.2994 2.55 67.72% 0.91 
 

 

Table 2. Summary Statistics for GDP: Year by Year for Q1 

and Overall Averages for Q1-Q4. 
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Year for 

Q1 

Number of 

Forecasters 

Average 

Q-Score 

Average 

 Width 

Relative 

Frequency 

MAE of  

Midpoints 

Misses <  L , 

Misses > H 

1992 36 -0.1454 2.77 94.44% 0.68 2, 0 

1993 30 -0.1937 2.58 86.67% 0.82 4, 0 

1994 26 -0.1259 2.52 100.00% 0.58 0, 0 

1995 26 -0.2414 2.38 80.77% 0.83 5, 0 

1996 33 -0.1438 2.62 90.91% 0.57 3, 0 

1997 33 -0.1692 2.56 81.82% 0.71 6, 0 

1998 29 -0.2770 2.27 72.41% 0.96 8, 0 

1999 30 -0.1421 2.85 100.00% 0.43 0, 0 

2000 33 -0.1368 2.53 93.94% 0.42 0, 2 

2001 30 -0.1396 2.62 96.67% 0.46 0, 1 

2002 30 -0.1534 2.70 96.67% 0.50 1, 0 

2003 32 -0.1490 2.82 93.75% 0.45 0, 2 

2004 26 -0.2198 2.96 80.77% 1.07 0, 5 

2005 32 -0.3021 2.50 59.38% 0.96 0, 13 

2006 50 -0.1597 2.81 92.00% 0.59 0, 4 

2007 46 -0.1391 2.58 84.78% 0.58 0, 7 

2008 45 -0.1860 2.95 91.11% 0.61 3, 1 

2009 39 -0.1676 3.07 92.31% 0.55 1, 2 

2010 38 -0.1493 2.81 97.37% 0.56 1, 0 

Q1 Avg. 33.9 -0.1758 2.68 88.72% 0.65 
 

Q2 Avg. 36.5 -0.1552 2.55 91.10% 0.58 
 

Q3 Avg. 34.1 -0.1356 2.27 92.15% 0.46 
 

Q4 Avg. 35.1 -0.1228 1.81 90.34% 0.39 
 

Average 34.9 -0.1474 2.33 90.58% 0.52 
 

 

Table 3. Summary Statistics for Inflation: Year by Year for Q1 

and Overall Averages for Q1-Q4. 
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Figure 1.  Average Q Scores of Combined Intervals under Different Heuristics (H1 to H5) as a 

Function of Subgroup Size (k) for Analysts and for Q1 with GDP and Inflation. 
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Figure 2.  Relative Frequencies of Combined Intervals under Different Heuristics (H1 to H5) as a 

Function of Subgroup Size (k) for Analysts and for Q1 with GDP and Inflation. 
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Figure 3.  Average Widths of Combined Intervals under Different Heuristics (H1 to H5) as a 

Function of Subgroup Size (k) for Analysts and for Q1 with GDP and Inflation. 
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Figure 4.  Mean Absolute Error of Midpoints of Combined Intervals under Different Heuristics (H1 

to H5) as a Function of Subgroup Size (k) for Analysts and for Q1 with GDP and Inflation. 
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