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Abstract In a classical result, Milgrom (1981a) established that the Monotone
Likelihood Ratio Property (MLRP) is a sufficient condition for the existence
of an increasing symmetric equilibrium in (k + 1)-st price common value auctions. We show: (1) If MLRP is violated, then for any number of bidders and
objects there exists a distribution of the common value such that no increasing
symmetric equilibrium exists; (2) If MLRP is violated, then for any distribution
of the common value there exist infinitely many pairs of the number of bidders
and the number of objects such that an increasing symmetric equilibrium does
not exist; (3) There are examples where an increasing symmetric equilibrium
exists even when the signal distribution violates MLRP.
Keywords Auctions · Symmetric equilibrium · Common value ·
Auction theory
JEL Classification Numbers
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1 Introduction
Auction models provide an important tool for studying competitive markets. A
critical property of an auction model is the existence of equilibrium. As Jackson
and Swinkels (2005) note, “Much of what is known about existence of equilib-
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rium in auctions comes from ... relying on monotonicity arguments (e.g., Athey
(2001) or Maskin and Riley (2000)).” Jackson (2005) shows that equilibria might
fail to exist when bidders’ types are two-dimensional, i.e., when it is impossible
to order bids of agents by their types.
Suppose that bidders’ types are one-dimensional. Would then an increasing
symmetric equilibrium (where bids are increasing in bidders’ types) exist? We
address this question in the standard common value auction model of Milgrom
(1981a), where each bidder independently observes a signal about the common value. Milgrom (1981a) established that the Monotone Likelihood Ratio
Property (MLRP) is a sufficient condition for the existence of an increasing
symmetric equilibrium in (k + 1)-st price common value auctions. We consider whether MLRP is a necessary condition for the existence of an increasing
symmetric equilibrium.
Our results are the following: MLRP is indeed a necessary condition, in the
sense that for any signal distribution that violates MLRP one can either choose
a distribution of the common value or choose the number of bidders and objects
so that no increasing symmetric equilibrium exists. However, we also provide
examples where an increasing symmetric equilibrium exists even though the
signal distribution violates MLRP.
2 The model
Consider a standard model of (k + 1)-st price common value auctions. There
are k identical objects for sale to n risk neutral bidders, with 1 ≤ k < n. Each
object has the same common value V to all bidders, drawn from the distribution
with the probability density function (hereafter, pdf) g(v) and support [v, v].
Bidder i, i = 1, . . . , n, independently observes signal Xi from a distribution with
pdf f (x|v), cumulative distribution function (hereafter, cdf) F(x|v), and bids for
one object. The objects are allocated to the k highest bidders and each of them
pays the value of the (k + 1)-st (highest rejected) bid. We assume that g(v) is
continuous and that fourth-order partial derivative of f (x|v), fxvvv (x|v), exists.
The latter is a technical assumption used in the proof of Lemma 3.1 to create
bounds via third-order Taylor expansion.
To derive a symmetric equilibrium, it is useful to take the point of view of one
k
denote the k-th order
of the bidders, say bidder 1 with signal X1 = x. Let Yn−1
statistic from the set of the remaining n − 1 signals. Assume that b∗ :  →  is
a (strictly) increasing symmetric equilibrium bidding function, so that b∗−1 () is
well defined.
The following expression plays a key role in deriving an increasing symmetric
equilibrium:


k
=y .
v(x, y) = E V|X1 = x, Yn−1

(1)

If bidder 1 bids b, her expected payoff, conditional on observing signal
X1 = x, is
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b∗−1
 (b)



v(x, y) − b∗ (y) fY k (y|x)dy,
n−1

−∞

(2)

k
where fY k (y|x) is the conditional density of Yn−1
given X1 = x. If b∗ is an
n−1

increasing symmetric equilibrium, then bidder 1’s conditional expected profit
should be maximized by setting b = b∗ (x), which implies that the unique candidate for an increasing symmetric equilibrium is b∗ (x) = v(x, x). Expression (2)
also implies two observations:
Observation 2.1 If v(x, y) is increasing in x and y for all x and y in the support
of X1 , then v(x, x) is the increasing symmetric equilibrium.
Observation 2.2 If v(x, y) is decreasing in x at x = y for some y in the support of
X1 , then an increasing symmetric equilibrium does not exist.
For Observation 2.2, note that the unique candidate for an increasing
symmetric
equilibrium, b∗ (x) = v(x, x), is not an equilibrium if
x
x−ε (v(x, y) − v(y, y)) fY k (y|x)dy < 0 for some ε. (Otherwise, bidder 1 with
n−1

signal x would increase her conditional expected payoff (2) by bidding
v(x − ε, x − ε) instead of v(x, x).) If v(x, y) is decreasing in x at x = y, by
continuity of v(x, y) there exists ε > 0 such that v(x, y) < v(y, y) for all y such
that x − ε < y < x.
For further analysis, it is convenient to present (1) as [cf. Milgrom 1981a,
eq. (3.5)]
v

v vf (x|v)g(v|y, n, k)dv
,
v(x, y) =  v
v f (x|t)g(t|y, n, k)dt

where

f (y|v)(1 − F(y|v))k−1 F n−k−1 (y|v)g(v)
.
g(v|y, n, k) =  v
k−1 F n−k−1 (y|t)g(t)dt
f
(y|t)(1
−
F(y|t))
v

(3)

(4)

Note that g(v|y, n, k) defined above is the pdf of the posterior distribution of
the common value conditional on the k-th order statistic out of n − 1 signals.
3 Existence of an increasing symmetric equilibrium
By definition, f (x|v) satisfies the Monotone Likelihood Ratio Property (MLRP)
if
f (x|v)
f (x|v)
≥
f (x|v )
f (x|v )

for all x > x , v > v .
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If f (x|v) is twice differentiable, then MLRP is equivalent to (Milgrom and
Weber 1982; Topkis 1978)
∂ 2 ln f (x|v)
≥ 0 for all x, v such that f (x|v) > 0.
∂x∂v

(5)

If (5) holds then v(x, y) is increasing in both x and y, and in a (k + 1)-st price
common value auction there exists one (Milgrom 1981a) and only one (Pesendorfer and Swinkels 1997) symmetric equilibrium b∗ (x) = v(x, x). We explore
the existence of an increasing symmetric equilibrium in the case where (5) is violated, i.e., when there exist x∗ , v∗ , such that [∂ 2 ln f (x|v)]/[∂x∂v]|x=x∗ ,v=v∗ < 0,
and 0 < F(x∗ |v∗ ) < 1.
Theorems 3.2 and 3.3 below provide two ways of constructing an auction setting with no increasing symmetric equilibrium. They rely on Lemma 3.1, proven
in the Appendix. Lemma 3.1, which can be viewed as an alternative proof of
Proposition 1 from Milgrom (1981b, p. 383), shows that if the prior distribution
of the common value [i.e., g(v)] is concentrated around a point at which MLRP
is violated (i.e., v∗ ), then the expected value of the objects conditional on the
signal is decreasing (as a function of the signal x) at x = x∗ .
Lemma 3.1 Suppose the fourth-order partial derivative of f (x|v), fxvvv (x|v),
exists, and let f (x|v) violate MLRP at x∗ , v∗ , i.e., [∂ 2 ln f (x|v)]/[∂x∂v]|x=x∗ ,v=v∗ <
0. Consider a sequence of distributions such that along the sequence the expectation converges to v∗ , variance converges to zero, and the absolute central third mofaster than variance.
ment (i.e., E[|V − E(V)|3 ]) converges to zero
  For a prior dis

  v
v
tribution with pdf g(·), denote w x; g(·) = v vf (x|v)g(v)dv
f
(x|t)g(t)dt
.
v


∗
Then, for g(·) with a small enough variance, w x; g(·) is decreasing in x for x = x .
First we show that if MLRP (5) is violated then, for any number of bidders and objects, there exists a distribution of the common value such that an
increasing symmetric equilibrium does not exist.
Theorem 3.2 Let f (x|v) violate MLRP at x∗ , v∗ , i.e., [∂ 2 ln f (x|v)]/[∂x∂v]|x=x∗ ,v=v∗
< 0. Then for any k, n, 1 ≤ k < n, there exists g(v) such that an auction for k
objects with n bidders does not have an increasing symmetric equilibrium.
Proof Consider a sequence of uniform densities {gε (v)}ε→0 with supports
[v∗ − ε, v∗ + ε]. As ε goes to zero, distribution of V with density gε (v|x∗ , n, k),
defined by (4), converges to uniform distribution [v∗ − ε, v∗ + ε] by continuity of
∗
f (x∗ |v) in v. Therefore, sequence of distributions with densities {g
 ε (v|x , n, k)}ε→0

satisfies conditions of Lemma 3.1. Note that v(x, x∗ ) = w x; gε (·|x∗ , n, k) ,
according to the notation from Lemma 3.1 applied to (3) with gε (v|x∗ , n, k).
Then, by Lemma 3.1, v(x, x∗ ) is decreasing in x at x = x∗ for small enough ε,
and by Observation 2.2 an increasing symmetric equilibrium does not exist. 
Intuition behind Theorem 3.2 is rather straightforward. If prior distribution
g(v) is concentrated around a point at which MLRP is violated then, for any
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k, n, posterior distribution conditional on k-th order statistic out of n − 1 signals,
given by (4), is also concentrated around this point v∗ . Then by Lemma 3.1, the
expected value of an object is decreasing in bidder 1’s signal x, and by Observation 2.2 no increasing symmetric equilibrium exists.
We now show that if MLRP is violated, then for any given distribution of the
common value there are infinitely many auction settings for which no increasing
symmetric equilibrium exists. We will assume that, although MLRP is violated,
higher signal values are more likely when the common value is higher: F(x|v)
is decreasing in v. For example, if X1 = V + Z, where Z is some noise with cdf
H(z), then F(x|v) = H(x − v) is decreasing in v.
Theorem 3.3 Let f (x|v) violate MLRP at x∗ , v∗ , i.e., [∂ 2 ln f (x|v)]/[∂x∂v]|x=x∗ ,v=v∗
∗ |v)
< 0, and let ∂F(x
< 0 for all v. Then for any continuous g(v), such that
∂v
g(v∗ ) > 0, there exist infinitely many k, n pairs such that an auction for k objects
with n bidders does not have an increasing symmetric equilibrium.
Proof Let s = F(x∗ |v∗ ) and consider a sequence of auctions with n → ∞
and k/n → 1 − s, such that k/n − (1 − s) = o(n−1/2 ). (For example, set k =
n(1−s) .) Denote by ξs (v) the population quantile of order s, given by equation
F(ξs (v)|v) = s = F(x∗ |v∗ ).
k
is a central order statistic, and therefore its distribuSince 0 < s < 1, Yn−1
tion, conditional on v, is asymptotically (as n → ∞) normal with mean ξs (v)
and standard deviation n−1/2 [s(1 − s)]/[f (ξs (v)|v)]. (David and Nagaraja (2003)
state that result for asymptotic distribution of central order statistic in their
Theorem 10.3, and also provide discussion and related references.) Denote by
φ() the standard normal pdf. Then, as n → ∞, g(v|x∗ , n, k), defined by (4),
converges to


φ n1/2 [(x∗ − ξs (v))f (ξs (v)|v)]/[s(1 − s)] g(v)
.
g(v|x∗ , n, k) =  v 

1/2 [(x∗ − ξ (t))f (ξ (t)|t)]/[s(1 − s)] g(t)dt
φ
n
s
s
v

(6)

Since F(x|v) is decreasing in v, ξs (v) is increasing in v. Since ξs (v∗ ) = x∗ , expectation of distribution with pdf g(v|x∗ , n, k) given by (6) converges to v∗ , variance
converges to zero as n−1 , and absolute central third moment converges to zero
as n−3/2 . Thus sequence of distributions with densities {g(v|x∗ , n, k)}n→∞ sat
isfies conditions of Lemma 3.1, and therefore v(x, x∗ ) = w x; g(·|x∗ , n, k) is
decreasing in x at x = x∗ for large enough n. By Observation 2.2, an increasing
symmetric equilibrium does not exist.

The intuition behind Theorem 3.3 is similar to the one behind Theorem 3.2.
We can choose the number of objects k and the number of bidders n in such
a way that the posterior distribution conditional on k-th order statistic out of
n − 1 signals, given by (4), is concentrated around the point at which MLRP
is violated. Similar to Theorem 3.2, Lemma 3.1 and Observation 2.2 imply no
increasing symmetric equilibrium.
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Remark 3.4 Note that if [∂ 2 ln f (x|v)]/[∂x∂v]|x=x̂,v=v̂ ≥ 0 for some x̂, v̂,
Theorem 3.3 does not imply that an increasing symmetric equilibrium exists for
large enough n in a sequence of auctions with n → ∞ and k/n → 1 − F(x̂|v̂).
This is because v(x, x̂) being increasing in x at x = x̂ is a necessary (Observation 2.2), but not a sufficient (as Observation 2.1) condition for the existence of
an increasing symmetric equilibrium.
Theorems 3.2 and 3.3 rely on a setting where conditional distribution given
by (4) is concentrated around a particular point v∗ , and do not rule out the possibility of an auction model in which an increasing symmetric equilibrium exists
in spite of a signal distribution that violates MLRP. Such a model would require
that prior distribution is not concentrated around a point at which MLRP is violated (so that Theorem 3.2 does not apply) and that the number of bidders and
the number of objects are such that Theorem 3.3 does not apply. Theorem 3.5
below provides an example with one object and two bidders. Remark 3.6 illustrates that point further, using the notion of a diffuse prior distribution.
Theorem 3.5 There exist auction settings in which MLRP is violated, but an
increasing symmetric equilibrium exists.
Proof Consider f (x|v) = (1/4) + (3/4)(x − v)2 , v − 1 < x < v + 1. For that

2
distribution, [∂ 2 ln f (x|v)]/[∂x∂v] = 6[6(x−v)2 −1]/[ 1 + 3(x − v)2 ], so MLRP
√
(5) is violated for |x∗ − v∗ | < 1/ 6. Let k = 1 and n = 2, and consider
g(v) = (1/2)αe−α|v| , α > 0. As α goes to zero, v(x, y), given by (3), uniformly
converges to (x + y)/2. Then, by Observation 2.1, for a small enough α an
increasing symmetric equilibrium exists.

Remark 3.6 To understand the intuition behind the example in
Theorem 3.5, consider the following abstract setting. Let f (x|v) = h(x − v),
where h(t) is pdf and is symmetric about zero, i.e., h(t) = h(−t)
for all t. Let g(v) be diffuse relative to the signal distribution (this setting
is used in Klemperer 1999, Winkler and Brooks 1980, Levin and Smith 1991).
Let k = 1 and n =  2. Then g(v|y, n, k), given by (4), becomes
+∞
g(v|y, n, k) = [h(y − v)]/[ −∞ h(y − t)dt] = h(y − v), and v(x, y), given

 

+∞
+∞
by (3), becomes v(x, y) = −∞ vh(x − v)h(y − v)dv / −∞ h(x − t)h(y − t)dt .
Since h(t) is symmetric around zero, v(x, y) = (x + y)/2. Therefore, in this
setting the increasing symmetric equilibrium exists for all signal distributions
with pdf of the form h(x − v), including the distributions that violate MLRP, as
in Theorem 3.5.
4 Conclusions
We have shown that if a signal distribution violates MLRP, then for any number of bidders and objects one can choose a distribution of the common value
so that the (k + 1)-st price common-value auction model does not have an
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increasing symmetric equilibrium (Theorem 3.2). Furthermore, for any distribution of the common value one can choose the number of bidders and the
number of objects so that an increasing symmetric equilibrium does not exist
(Theorem 3.3). In that sense, MLRP is a necessary condition for the existence
of an increasing symmetric equilibrium. However, there are examples where
an increasing symmetric equilibrium exists even when the signal distribution
violates MLRP (Theorem 3.5).

5 Appendix
Proof of Lemma 3.1 Consider the distribution with pdf g(v), denote its expectation by v0 , variance by σ 2 , and
 the absolute central third moment by M.
Consider the first derivative of w x; g(·) with respect to x.

wx



v


v vf (x|v)g(v)dv


x; g(·) =
v
f
(x|v)g(v)dv
v
x
v
v
v
v
vf
(x|v)g(v)dv
f
v x
v (x|v)g(v)dv− v vf (x|v)g(v)dv v fx (x|v)g(v)dv
=
.
2
v
f
(x|v)g(v)dv
v

(7)

By third-order Taylor expansion around v0 , there exists z(v), |z(v) − v0 | <
|v − v0 |, such that f (x|v) = f (x|v0 ) + fv (x|v0 )(v − v0 ) + (1/2)fvv (x|v0 )(v − v0 )2 +
(1/6)fvvv (x|z(v))(v − v0 )3 . Denote A = maxv (fvvv (x|z(v))). Observe that



v
v




3
 fvvv (x|z(v))(v − v0 ) g(v)dv ≤ A |v − v0 |3 g(v)dv = A ∗ M = O(M),



v
v
where lim supt→0 |O(t)/t| < ∞. Therefore,
v
v

1
f (x|v)g(v)dv = f (x|v0 ) + fvv (x|v0 )σ 2 + O(M).
2

By the assumption, M = o(σ 2 ), where limt→0 o(t)/t = 0. Therefore,
v
v

1
f (x|v)g(v)dv = f (x|v0 ) + fvv (x|v0 )σ 2 + o(σ 2 ).
2
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Similarly,
v
fx (x|v)g(v)dv = fx (x|v0 ) + 12 fxvv (x|v0 )σ 2 + o(σ 2 ),
v

v
vf (x|v)g(v)dv = v0 f (x|v0 ) +

1
2



2fv (x|v0 ) + v0 fvv (x|v0 ) σ 2 + o(σ 2 ),

v

v
vfx (x|v)g(v)dv = v0 fx (x|v0 ) +

1
2



2fxv (x|v0 ) + v0 fxvv (x|v0 ) σ 2 + o(σ 2 ).

v

Therefore the denominator in (7) is f 2 (x|v0 ) + O(σ 2 ). The numerator is (for
brevity, below we denote f (x|v0 ) by f )

1
1
2fxv + v0 fxvv σ 2 f + fvv σ 2
2
2
 2
1
1
2fv + v0 fvv σ
fx + fxvv σ 2 + o(σ 2 )
− v0 f +
2
2



1 
2fxv + v0 fxvv f + v0 fx fvv − 2fv + v0 fvv fx − v0 ffxvv σ 2 + o(σ 2 )
=
2

v0 fx +

= fxv f − fv fx σ 2 + o(σ 2 ).
Therefore, (7) equals to
fxv (x|v0 )f (x|v0 ) − fv (x|v0 )fx (x|v0 ) 2
∂ 2 ln f (x|v0 ) 2
2
σ
+
o(σ
)
=
σ + o(σ 2 ).
∂x∂v
f 2 (x|v0 )
By the assumption, [∂ 2 ln f (x|v)]/[∂x∂v] is continuous in v, so
[∂ 2 ln f (x∗ |v0 )]/[∂x∂v] < 0 if v0 is close enough to v∗ . Therefore, for

small enough variance σ 2 , w x; g(·) is decreasing in x for x = x∗ .
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