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Abstract. The paper develops a model for combining point forecasts into a predictive dis-
tribution for a variable of interest. Our approach allows for point forecasts to be correlated
and admits uncertainty on the distribution parameters given the forecasts. Further, it pro-
vides an easy way to compute an augmentation factor needed to equate the dispersion of
the point forecasts to that of the predictive distribution, which depends on the correlation
between the point forecasts and on the number of forecasts. We show that ignoring depen-
dence or parameter uncertainty can lead to assuming an unrealistically narrow predictive
distribution. We further illustrate the implications in a newsvendor context, where our
model leads to an order quantity that has higher variance but is biased in the less costly
direction, and generates an increase in expected profit relative to other methods.
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1. Introduction
Predicting an unrealized future variable is a ubiqui-
tous endeavor, for it is crucial in shaping many deci-
sions that we must make. For example, an investor or
a financial institution might predict a future currency
exchange rate for its hedging or trading strategy, or
a retailer might predict the demand for a new prod-
uct to determine the order quantity. Despite the pres-
ence of extensive data and models, subjective human
judgment remains a key element in predictions across
numerous real-life settings (Seifert et al. 2015).
Subjective forecasts for a variable often come in the

form of point forecasts—i.e., single-valued predictions
for that variable. Assessment of complete probabil-
ity distributions, or summary measures (such as the
expected value and variance), is a difficult cognitive
task for even the most well-trained in probabilities,
and is practically impossible for people with no such
training. In part, this is also due to the fact that com-
plete probability distributions or summary measures
are often not easily observable, if at all. In one of the
well-known industry practices in operations manage-
ment, experts (such as sales people, designers, prod-
uct managers, and the like) provide point forecasts
for the demand of upcoming new products. These
forecasts then become a key input in inventory deci-
sions for new products (Fisher and Raman 1996). This,
however, involves an additional step by the decision
maker, to convert the point forecasts for a variable
into an estimate of uncertainty (such as a predictive

distribution) for that variable, which is the broad focus
of this paper.

Consider a decision maker who judges that the
demand for a new product is likely to follow a nor-
mal distribution, but has little or no information on
the parameters of the distribution. The decision maker
then obtains point forecasts from k experts. Intuitively,
the mean and dispersion of the k point forecasts are
indicative of the mean and variance of the demand dis-
tribution. Fisher and Raman (1996), for example, use
the mean of k forecasts as an estimate of the expected
(mean) demand and augment the observed standard
deviation of the k forecasts by a factor of 1.75 to cre-
ate an estimate of the standard deviation of demand.
The augmentation factor of 1.75 is justified by a cali-
bration exercise with past data. In a similar setting in
one of the widely taught cases in operations manage-
ment, Sport Obermeyer (Hammond and Raman 1994),
an augmentation factor of 2 is suggested. Gaur et al.
(2007), using historical data on three different data
sets, test the hypothesis that the variance of demand is
positively correlated with the dispersion of the point
forecasts. However, several questions remain. First, it
is not conceptually clear how the augmentation factor
arises and what it depends on. Second, any past data
used to estimate the augmentation factor might not
be applicable for a new product, such as a new fash-
ion item or short-life-cycle product. Third, while the
point forecasts provide relevant information on the dis-
tribution parameters, those are unlikely to completely
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eliminate uncertainty on the parameters. In this sense,
the heuristics mentioned above are only certainty equiv-
alence approaches (Poirier 1995), as if the parameters
of the demand distribution are certain once their point
estimates are obtained from the point forecasts. This is
of course not the case. These are some of the specific
questions we attempt to answer in this paper.
In answering these questions, we consider two

salient issues in combining forecasts. One, we allow
forecasts to be correlated. Two, our approach admits
parameter uncertainty given the forecasts. We then
show that the augmentation factor mentioned above
is contingent on the dependence among the forecasts
and on the parameter uncertainty given the forecasts.
Our approach is easily tractable, and hence practical.
We discuss this in finer detail next.

Despite all efforts to create a group of independent
experts, some form of stochastic dependence among
their forecasts is inevitable. For example, Winkler
(1981) notes pairwise correlations of sportswriters’ pre-
diction errors in the range of 0.84–0.97, suggesting that
experts might have similar training, experience, and
access to the same data, ormight use similarmodels for
their predictions. Ashton (1986) observes an average
correlation of 0.6 between sales forecasts by managers.
Fisher and Raman (2010, p. 64) describe a forecast-
ing deliberation process where “one of the buyers was
more articulate and assertive than the others. Often,
she swayed her colleagues, so the final decisions rep-
resented her preferences rather than the collective wis-
dom.” It is intuitive that if the point forecasts are highly
correlated, then their dispersion would tend to under-
estimate the uncertainty about the variable of interest,
perhaps substantially so. A greater degree of depen-
dence among experts should hence entail a larger aug-
mentation factor.

Further, number of experts must have a bearing
on the parameter uncertainty. For example, five fore-
casts instead of 20 implies greater uncertainty on
the parameters estimated. Hence, a larger number of
forecasts should suggest a smaller augmentation fac-
tor. A Bayesian approach, in contrast to a certainty
equivalence approach, accounts for such parameter
uncertainty.

Bayesian models for combining correlated point
forecasts under normality have been developed, for ex-
ample, in Geisser (1965), Winkler (1981), and Clemen
andWinkler (1985), where the latter also illustrates loss
of information due to dependence among the infor-
mation sources. A necessary input in these models is
a covariance matrix consisting of all pairwise corre-
lations between the experts (measures of dependence
among the experts) and the variances of each point
forecast (measures of accuracy of the experts). Often,
there might be little or no past data on the covariance
matrix. Further, there is frequently only one k-variate

observation in the sample, such as k experts provid-
ing one forecast each for a new product, which then
contains no information content on either the pairwise
correlations or the variances of the experts’ forecasts.
This means, with k experts, k(k + 1)/2 prior param-
eters need to be assessed on which the sample con-
tains no information, clearly a daunting task. Hence,
practical applications of such models have been lim-
ited. Moreover, several papers have raised concerns
around robustness of suchmodels (Bunn 1985,Winkler
and Clemen 1992, Chhibber and Apostolakis 1993).
Clemen (1989), in a comprehensive review of the lit-
erature on combining forecasts, points out that such a
model in real-life situations has had somewhat mixed
results, along with a central finding that simple aver-
aging of point forecasts often outperforms more com-
plex methods and is an easy and fairly robust way
in terms of accuracy to predict an unrealized variable
(see also a review by Armstrong 2001). Simple aver-
aging is consistent with an equal-weights model for
experts—i.e., with equal variances and pairwise cor-
relations. Schmittlein et al. (1990), using simulations,
also recommend such a model unless there is plenti-
ful information to distinguish between experts. Bolger
and Rowe (2015, p. 5), in a perspective on aggregation
of expert judgment, argue that “no significant benefits
are likely to accrue from unequal weighting in math-
ematical aggregation,” attributing it primarily to the
difficulty, if not the impossibility, of measuring indi-
vidual differences for unequal weights.

Building on these ideas, we develop a Bayesian ap-
proach with exchangeable experts (i.e., all experts have
equal variances and pairwise correlations). This also
reduces the number of prior parameters on which the
sample information contains no information to just
one (the common correlation). In practice, a way to
think about this is as if a decision maker has no dis-
cerning information on experts but at the same time
feels that experts will be correlated on the basis of
some shared information. In this respect, the Bayesian
models under normality mentioned earlier have been
developed with the covariance matrix either known
or unknown, whereas we assume that the covari-
ance matrix is partially known (known correlation but
unknown variance). This greatly reduces the complex-
ity of amodelwith correlated forecasts, without having
to assume that the variance is also known and with-
out the serious omission of dependence in the simpler
models of independent forecasts. Hence, our approach
is practically more appealing.

In Section 2, we develop a normal model, and show
that the augmentation factor needed to equate the stan-
dard deviation of the predictive distribution to the
observed dispersion of the point forecasts depends
on the correlation between the forecasts and on the
number of forecasts. Given a number of forecasts,
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a higher correlation leads to a higher augmentation
factor, implying greater predictive uncertainty. On the
other hand, given a correlation, a higher number of
forecasts leads to lower predictive uncertainty result-
ing from lower parameter uncertainty, but only up to
a limit. In other words, dependence leads to a loss of
information that cannot be compensated for by simply
increasing the number of forecasts. We compare our
approach with other methods used, for example, in the
operations management literature, and highlight the
underestimation of uncertainty due to ignoring depen-
dence or parameter uncertainty or both.
The assumption of known common correlation is

quite strong. In Section 3, we show that if there is uncer-
tainty on the correlation or heterogeneity in the pair-
wise correlations, then treating the mean correlation
as a known common correlation is still a reasonable
approach. Further, we extend our approach to the case
where the variable of interest has a lognormal distribu-
tion, and show that the impact of ignoring dependence
or parameter uncertainty only gets exacerbated. This is
followed by a discussion on the assessment of corre-
lation. An added advantage of our approach is that it
can be used even in the absence of relevant past data,
by subjectively assessing the correlation. The existing
heuristics in the operations literature do not provide
any basis for generating a predictive distribution with-
out relevant past data, while acknowledging that avail-
ability of such data is the exception rather than the
rule. For example, Fisher and Raman (1996, p. 93) state,
“estimating demand densities for fashion products is
challenging because no history of previous demand is
available.”

In Section 4, we illustrate our analysis in a decision-
making context of a newsvendor, and show the impact
of our approach on the order quantity and expected
profit. Our model in comparison with other methods
leads to an order quantity that is biased in the less
costly direction with a higher variance. At the same
time,we showwith simulations that ourmodel leads to
an increase in expected profits that can at times exceed
20%. Section 5 followswith a summary and discussion.

2. A Model for a Probability Distribution
from Point Forecasts

Let a random variable of interest to a decision maker
be ỹ, which for example could be a future observation
of demand for a new product. Suppose the decision
maker models the probability distribution of ỹ condi-
tional on a vector of parameters θ with density func-
tion f ( ỹ | θ), with θ unknown. For example, f ( ỹ | θ)
might be modeled as a normal density function con-
ditional on θ � (µ, σ2), where µ and σ2 are unknown
mean and variance, respectively. Further, let a proba-
bility density function h(θ) reflect the decision maker’s

prior uncertainty on θ. Now suppose that the deci-
sionmaker obtains some additional information before
realization of ỹ. We consider such information in the
form of k point forecasts x � (x1 , x2 , . . . , xk)′ of ỹ from
k different sources. Then, given x, the predictive distri-
bution for ỹ is given by

f ( ỹ | x)�
∫
Θ

f ( ỹ | θ)h(θ | x) dθ, (1)

where h(θ | x) ∝ h(θ)l(x | θ) is the posterior distribution
of θ given x, and l(x | θ) is the likelihood function for x
given θ. In this setup, ỹ and x are conditionally inde-
pendent given θ, and any dependence among the point
forecasts x1 , . . . , xk is included in l(x | θ). If the decision
maker does not have any prior information on θ, then a
diffuse (flat) prior on θ can be used. On the other hand,
if the decision maker does possess some prior infor-
mation (such as relevant experience or past data), then
that information should be included in h(θ). The pre-
dictive distribution for ỹ in (1) accounts for two types
of uncertainty, the uncertainty of ỹ given θ and the
uncertainty about the parameter θ given x. This is a
typical Bayesian approach for aggregating expert opin-
ions. We extend this approach below under normality.

2.1. A Normal Model
Suppose that ỹ | (µ, σ2) ∼ N(µ, σ2), with µ and σ2

unknown. The k experts provide point forecasts x �

(x1 , . . . , xk)′ for ỹ. We assume that x follows a mul-
tivariate normal with a mean vector µ � µe, where
e � (1, . . . , 1)′, and a k × k positive definite covariance
matrix Σ with diagonal elements σ2 and off-diagonal
elements ρσ2.
This implies that the experts are exchangeable,

which is consistent with treating all experts equally.
Our model also implies that the data-generating pro-
cess for an expert’s judgment is the same as that for
ỹ | (µ, σ2), as if each expert’s forecast is a draw from
the distribution of ỹ | (µ, σ2). Such an approach is com-
mon with calibrated experts (see, e.g., Gneiting et al.
2007, Winkler 1981) and seems reasonable especially in
demand forecasting for new products with no or little
relevant past data (Fisher and Raman 1996, p. 93).1

The dependence among experts is reflected in
the correlation of their predictions—i.e., for i , j ∈
{1, . . . , k}, i , j, Corr[xi , x j | µ, σ2]� ρi j � ρ. This is again
consistent with an equal-weights model for experts.
We further assume ρ to be known. This simplify-
ing assumption greatly reduces the complexity of the
model for the decision maker. However, later in Sec-
tion 3.1, we do verify the robustness of our model with
respect to uncertainty on ρ and also heterogeneity in
pairwise correlations. So, an alternate view is to think
of the known common correlation ρ as E[ρ] or the aver-
age pairwise correlation between the experts. Hence,
our model is somewhat more flexible than it might
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appear, in the sense that it can also be used with uncer-
tain ρ or with different known pairwise correlations of
experts’ forecasts.
The likelihood function for the k-variate forecast x is

given by

l(x |µ,Σ)� 1√
(2π)k |Σ|

exp
(
−1

2 (x−µ)
′Σ−1(x−µ)

)
. (2)

Setting Σ � σ2Σρ, where Σρ is a k × k is a matrix
with diagonal elements 1 and off-diagonal elements ρ,
and precision λ � 1/σ2, the likelihood function can be
rewritten as

l(x |µ,Σ)� l(x |µ, λ) ∝ λk/2 exp
(
−λ2 (x−µ)

′Σ−1
ρ (x−µ)

)
.

(3)

Proposition 1 further simplifies the likelihood function
in (3).

Proposition 1. The likelihood function in (3) can be repre-
sented as

l(x | µ, λ) ∝ λk/2 exp
(
−λk∗

2 (µ− x̄)2
)

exp
(
−λ2 (k − 1)s∗2

)
,

(4)

with sufficient statistic {x̄ , k∗ , s∗2 , k}, where x̄ � (1/k) ·∑k
i�1 xi , s∗2 � s2/(1−ρ)with s2 �

∑k
i�1(xi − x̄)2/(k−1), and

k∗ � k/(1+ (k − 1)ρ).
The likelihood function in Proposition 1 is now

of the same form as with independently and iden-
tically distributed (i.i.d.) observations in a normal
process with unknown mean and variance, which is
analytically convenient. And, as discussed in Proposi-
tion 2, it is intuitively appealing to summarize the k
point forecasts as a four-dimensional sufficient statistic
{x̄ , k∗ , s∗2 , k} rather than as {x̄ , s2 , k} in the i.i.d. case.
We model the decision maker’s prior information on

µ and λ with a normal-gamma (NG) distribution that
is a natural conjugate prior distribution for a normal
process with a likelihood function of the form in (4)
(see, e.g., Bernardo and Smith 1994, Hoff 2009):

f (µ, λ)�NG(µ, λ | µ0 , nµ , v0 , nv)� f (µ | λ) f (λ)

�N(µ | µ0 , (nµλ)−1)Gamma
(
λ

���� nv

2 ,
nv v0

2

)
∝ λ1/2 exp

(
−

nµλ(µ− µ0)2

2

)
· λnv/2−1 exp

(
−nv v0

2 λ

)
. (5)

The NG prior in (5) can reflect a wide variety of
information regarding µ and λ. A priori, µ | λ ∼
N(µ0 , (nµλ)−1), where µ0 ∈ � and nµ > 0. And, the
marginal distribution of λ is gamma with nv > 0 and

v0 > 0, so that E[λ] � 1/v0 and Var[λ] � 2/(nv v2
0). With

this parametrization, one can say that a priori the deci-
sion maker’s best guess of µ is µ0 and nµ can be viewed
as the equivalent sample size for the prior information
on µ. And, the decision maker’s best guess of λ � 1/σ2

is 1/v0 with nv as the equivalent sample size for the
prior information on λ.
With the likelihood function in (4) and the prior

in (5), the posterior distribution for µ and λ given x is
shown in Proposition 2.

Proposition 2. (a) f (µ, λ | x) is of the same form as in (5)
but with updated parameters:

f (µ, λ | x)�NG(µ, λ | µ∗ , n∗µ , v∗ , n∗v)� f (µ | λ, x) f (λ | x)

�N(µ | µ∗ , (n∗µλ)−1)Gamma
(
λ

���� n∗v
2 ,

n∗v v∗

2

)
,

(6)

where n∗µ � nµ + k∗, µ∗ � (nµµ0 + k∗ x̄)/n∗µ, n∗v � nv + k and
v∗ � (1/n∗v)(nv v0 + (k − 1)s∗2 + (nµk∗/(nµ + k∗))(x̄ − µ0)2),
with k∗ and s∗2 as defined in Proposition 1.

(b) For ρ � 0, f (µ, λ | x) is the same as with k indepen-
dent experts.

(c) For ρ > 0, f (µ | λ, x) is the same as with k∗ indepen-
dent experts, where k∗ ≤ k is a convex decreasing function of
ρ. And, f (µ, λ | x) is the same as if a sample variance of s∗2

rather than s2 is observed with k independent experts, where
s∗2 ≥ s2 is a convex increasing function of ρ, while at the
same time as if a sample mean of x̄ is observed with only k∗

of k independent experts.

It is worth highlighting Part (c) of Proposition 2,
which shows that for ρ > 0, the posterior conditional
distribution of µ given λ is the same as one would
obtain with k∗ independent experts. In that sense,
k∗ can be viewed as an equivalent independent sample
size for inferences about µ given λ. It is easy to see
that k∗ � k for ρ � 0. And, as ρ gets larger than zero,
k∗ shrinks rapidly, decreasing to 1 for ρ � 1. This is con-
sistent with the results in Clemen and Winkler (1985)
for the case of known λ, that any positive dependence
among the point forecasts reduces the information con-
tent of the forecasts for inferences about µ. Further,
while there is loss of information on µ, there is no loss
of information on λ. The sample variance s2 is simply
adjusted by factor 1/(1− ρ) to obtain an unbiased esti-
mator s∗2 of σ2. Hence, as mentioned earlier, it is intu-
itively appealing to summarize the k point forecasts
with the sufficient statistic {x̄ , k∗ , s∗2 , k}, where x̄ is the
sample estimate of µ with effective sample size k∗, and
s∗2 is the sample estimate of σ2 with effective sample
size k.

The decision maker’s primary interest is in the pre-
dictive distribution for ỹ given x, which is shown in
Corollary 1.
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Corollary 1. The predictive distribution for ỹ | x is a t dis-
tribution with degrees of freedom n∗v , location parameter µ∗,
and scale parameter

√
(n∗µ + 1)v∗/n∗µ, so that

E[ ỹ | x]� µ∗ , for n∗v > 1, and (7)
Var[ ỹ | x]� Var[ ỹ | µ, x]+Var[µ | x]

�
n∗v

n∗v − 2

(
v∗ +

v∗

n∗µ

)
, for n∗v > 2. (8)

In (8), Var[ ỹ | µ, x] corresponds to the sampling un-
certainty given µ. And, Var[µ | x] reflects the uncer-
tainty about µ itself. The uncertainty about the pre-
cision λ is embedded in Var[ ỹ | µ, x] and Var[µ | x].
All else unchanged, a higher ρ shifts the distribu-
tion of λ | x toward lower values of λ (i.e., increases
Var[ ỹ | µ, x] and Var[µ | x]) and leads to a greater loss
of information about µ in the sample (i.e., further
increases Var[µ | x]), resulting in a higher variance for
ỹ | x. On the other hand, all else held equal with ρ > 0,
a higher k reduces the parameter uncertainty, although
much less for µ than for λ, resulting in a lower variance
for ỹ | x.

We explore the impact of dependence and parameter
uncertainty on the predictive uncertainty about ỹ | x in
greater detail in Section 2.1.1.
2.1.1. The Impact of Ignoring Dependence and Param-
eter Uncertainty. In this section, we compare our
model with some other approaches that might ignore
dependence or parameter uncertainty or both, to pro-
vide a flavor for the relative seriousness of such
omissions.
Some of the frequently used models (such as the

heuristic in Fisher and Raman 1996, hereafter FRH) do
not incorporate any prior information on µ and σ2.
Indeed, often, the decision maker might have very lit-
tle or no such prior information (although, at the same
time, might judge the experts to be correlated on the
basis of some shared information). In any case, to focus
entirely on how different approaches extract the infor-
mation content of the forecasts regarding µ and σ2,
we restrict attention in our model to predictive distri-
bution for ỹ | x with a diffuse prior on µ and λ. We
compare four methods described below.
Predictive Distribution with Known ρ (PD). This is our
model with a diffuse prior for µ and λ. A common
choice for a diffuse prior is a NG prior in (5) with
parameters nµ � nv � 0, which is an improper prior.
With this diffuse prior, f ( ỹ | x) is a t distribution with k
degrees of freedom, location x̄, and scale

√
(k∗ + 1)v∗/k∗,

which yields E[ ỹ | x]� x̄ and

Var[ ỹ | x]� k − 1
k − 2

(
1+ ρ
1− ρ +

1
k

)
s2. (9)

The Var[ ỹ | x] in (9) is larger for a higher ρ given k,
reflecting a greater loss of information. On the other

hand, it is smaller for a higher k given ρ, reflect-
ing reduced parameter uncertainty. For very large k,
Var[ ỹ | x] ≈ (1 + ρ)s2/(1 − ρ). Further, with also ρ � 0,
Var[ ỹ | x] ≈ s2. In other words, with k large and ρ � 0,
f ( ỹ | x) converges to a normal distribution with mean x̄
and variance s2. Gaur et al. (2007, p. 480) test the
hypothesis that the variance of demand is positively
correlated with dispersion among experts’ forecasts.
Our model shows that this is indeed the case.
Predictive Distribution with ρ set

� 0 (PD0). This is the
same as PD above but with ρ assumed to be 0—i.e., a
Bayesian model that assumes i.i.d. forecasts. In other
words, this approach retains parameter uncertainty
but assumes independence among the experts. In this
setup, E[ ỹ | x]� x̄ and

Var[ ỹ | x]� k − 1
k − 2

(
1+ 1

k

)
s2. (10)

While ignoring ρ does not impact E[ ỹ | x], VarPD0
[ ỹ | x]

< VarPD[ ỹ | x] for any ρ > 0. And, this difference
increases rapidly with ρ. Even in the limit with a
very large k, VarPD[ ỹ | x] remains larger by a factor of
(1+ ρ)/(1− ρ).
Certainty Equivalence Method with ρ Known (CE).
Here, it is assumed that ỹ | x ∼N(x̄ , s∗2 � s2/(1− ρ)). In
this approach, x̄ is used as a point estimate of µ, and s∗2

is used as a point estimate for σ2. While this approach
incorporates the correlation between experts, it ignores
any parameter uncertainty. In this sense, this is a cer-
tainty equivalence model corresponding to PD. This
of course does not impact E[ ỹ | x], but as one would
expect, VarCE[ ỹ | x]<VarPD[ ỹ | x] for any k > 2 and ρ ≥ 0,
with

VarPD[ ỹ | x]
VarCE[ ỹ | x]

�
k − 1
k − 2

[
(1+ ρ)+

(1− ρ)
k

]
. (11)

And, given ρ > 0, CE even with a very large k does not
account for the loss of information due to dependence.
Certainty Equivalence Method with ρ set

� 0 (CE0). In this
approach, ỹ | x∼N(x̄ , s2). As in CE, this approach does
not include any parameter uncertainty, and further
ignores ρ. Note that VarCE0

[ ỹ | x] is the smallest of all
the models discussed here, and in that sense includes
the most spurious accuracy.

For ease of reading, Table 1 summarizes our model
along with the three other methods discussed above,
and provides for each the distribution of ỹ | x, along
with the corresponding variance and a 100(1 − γ)%
prediction interval for ỹ | x, where tk(θ1 , θ2) denotes a
t distribution with degrees of freedom k, location θ1,
and scale θ2; N(θ1 , θ2) denotes a normal distribution
with mean θ1 and variance θ2, whereas t1−γ/2, k and
z1−γ/2 are the (1− γ/2) quantiles of the standard t dis-
tribution with k degrees of freedom and the standard
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Table 1. A Summary of the Four Methods (PD, PD0, CE, CE0) in the Normal Model

100(1− γ)% Parameter
Method f ( ỹ | x) Var[ ỹ | x] prediction interval ρ uncertainty

PD tk

(
x̄,

√
k − 1

k

(
1+ ρ
1− ρ +

1
k

)
s
)

k − 1
k − 2

(
1+ ρ
1− ρ +

1
k

)
s2 x̄ ± t1−γ/2, k

√
k − 1

k

(
1+ ρ
1− ρ +

1
k

)
s 3 3

PD0 tk

(
x̄,

√
k − 1

k

(
1+ 1

k

)
s
)

k − 1
k − 2

(
1+ 1

k

)
s2 x̄ ± t1−γ/2, k

√
k − 1

k

(
1+ 1

k

)
s 7 3

CE N
(
x̄ ,

s2

1− ρ

)
s2

1− ρ x̄ ± z1−γ/2

√
1

1− ρ s 3 7

CE0 N(x̄ , s2) s2 x̄ ± z1−γ/2s 7 7

normal distribution, respectively. The last two columns
of the table indicate whether the method accounts for
ρ and parameter uncertainty. As mentioned above,
E[ ỹ | x]� x̄ in all of the four methods, but the variances
and prediction intervals differ depending on whether
one accounts for ρ and the parameter uncertainty.

Let Var[ ỹ | x] under Method i be Var[i]. Then, given
ρ > 0 and k > 2, it is easy to see that Var[PD] >
max{Var[PD0],Var[CE]} > Var[CE0]. And, Var[CE] >
(<)Var[PD0] for ρ > (<)(2k − 1)/(k2 − 1), with equality
at ρ� (2k−1)/(k2−1). Moreover, given ρ� 0, Var[PD]�
Var[PD0] >Var[CE] � Var[CE0].

Since PD and PD0 lead to a t distribution while CE
and CE0 assume a normal distribution for ỹ | x, it is
useful to compare the four methods in terms of their
respective prediction intervals for ỹ | x. Let IW[i] be the
interval width of a 100(1− γ)% prediction interval for
ỹ | x under Method i.

Proposition 3. For k > 2, conditional on x, we have

IW[PD] >max{IW[PD0], IW[CE]}
≥min{IW[PD0], IW[CE]}
> IW[CE0], for ρ > 0,

IW[PD]� IW[PD0] > IW[CE]� IW[CE0], for ρ � 0.

Figure 1 shows, as an example, the relative widths
of 95% prediction intervals for ỹ | x under the PD0,
CE, and CE0 methods as a function of ρ for k = 3, 7,
and 100, rescaled by setting the width under PD for a

Figure 1. Relative Widths of 95% Prediction Intervals for ỹ | x Under the Three Methods (PD0 ,CE,CE0), Rescaled with the
Width Under PD (for Any Given k) = 1, As a Function of ρ for Selected Values of k
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given k equal to 1. In all cases, the widths are below 1,
reflecting percentage underestimation of uncertainty
due to ignoring ρ, parameter uncertainty, or both. As
expected, CE0 underestimates the most. The underes-
timation in all three methods is worse with a higher ρ
and a smaller k. Both PD and CE account for depen-
dence. However, while the underestimation in CE is
less with a higher k, it can remain substantial even for
large k. For example, given ρ = 0.6, the underestima-
tion in CE is about 43% with k � 3, 30% with k � 7, and
still 22% with k � 100. On the other hand, both PD0
and CE0 do not account for dependence. Hence, their
underestimation is worse with a higher ρ. And, with
a higher k, while they are more similar, their underes-
timation relative to PD and CE gets exacerbated. This
is because information loss due to dependence can
be substantial—i.e., k∗ is a decreasing convex function
of ρ. Hence, with a larger k, the spurious accuracy
in PD0 and CE0 is larger. A comparison of PD0 and
CE reflects the relative seriousness of ignoring ρ and
parameter uncertainty. For low values of ρ and low-
to-medium values of k, ignoring the parameter uncer-
tainty is relatively more serious. However, if ρ is even
moderately large, ignoring ρ becomes themore serious
omission, and remains so even with a very high k. As
mentioned earlier, it would not be unusual to expect ρ
in the range of 0.6–0.8, so it is reasonable to say that
ignoring ρ is likely to be the much more serious error.
The augmentation factor in our PD model that

is needed to equate the standard deviation s of
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Table 2. Augmentation Factor δ in the Normal Model for Selected Values of k and ρ

ρ

k 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

3 1.63 1.76 1.91 2.09 2.31 2.58 2.94 3.46 4.32 6.22
4 1.37 1.49 1.62 1.78 1.97 2.21 2.52 2.98 3.72 5.37
5 1.26 1.38 1.51 1.66 1.84 2.07 2.37 2.80 3.50 5.06
6 1.21 1.32 1.44 1.59 1.77 1.99 2.28 2.70 3.39 4.89
7 1.17 1.28 1.40 1.55 1.72 1.94 2.23 2.64 3.31 4.79
8 1.15 1.25 1.38 1.52 1.69 1.91 2.19 2.60 3.26 4.72
9 1.13 1.23 1.36 1.50 1.67 1.89 2.17 2.57 3.23 4.67
10 1.11 1.22 1.34 1.48 1.65 1.87 2.15 2.55 3.20 4.64
20 1.05 1.16 1.28 1.42 1.59 1.79 2.07 2.46 3.09 4.48
100 1.01 1.12 1.24 1.37 1.54 1.74 2.01 2.39 3.02 4.38

the k forecasts with the standard deviation of ỹ | x is
δ �

√
((k − 1)/(k − 2))((1+ ρ)/(1− ρ)+ 1/k), which is an

increasing convex function of ρ and a decreasing con-
vex function of k. As an illustration, Table 2 provides δ
for different values of ρ and k. Note that, for ρ > 0,
even with large k, δ is higher than 1, substantially so at
high values of ρ. In fact, as shown in (9), in the limit,
δ � (1+ ρ)/(1− ρ).
As mentioned before, an added advantage of our

approach is that it can be used without past data, by
subjectively assessing ρ (which we discuss later in Sec-
tion 3.3) and then simply applying the correspond-
ing δ. In FRH, ỹ | x ∼N(x̄ , (as)2), where a is estimated
with past data as the ratio of standard deviation of fore-
cast errors (difference between predicted and actual
demand across products in the previous season, where
predicted demand is the average forecast by experts)
to the average standard deviation of experts’ forecasts
(across products in the current season). It is assumed
that forecast errors follow a similar distribution in past
and future seasons, with mean zero, and that the same
set of experts are forecasting across seasons with sim-
ilar dispersion in their forecasts. Besides the issue of
applicability of past data for the variable of interest,
FRH provides no intuition on the drivers for a and
hence also no basis for estimating it without past data.
Although parameter uncertainty is acknowledged, a is
not associated with ρ or with k.2

3. Extensions of the Normal Model and
Assessment of Dependence

Until now, we have assumed that the pairwise corre-
lations between the experts is the same and known.
To investigate the robustness of this assumption, we
introduce uncertainty on ρ and heterogeneity in the
pairwise correlations, and consider the impact on δ.
Further, in this section, we also extend the approach to
a lognormal model and discuss the assessment of ρ.

3.1. Uncertainty and Heterogeneity About ρ in the
Normal Model

We first explore uncertainty on the common ρ. Recall
that in our model, δ depends only on ρ and k. For a
given k, we take 10,000 independent draws of ρ from
a beta distribution, f (ρ) ∝ ρα−1(1− ρ)β−1, with α, β > 0,
E[ρ] � α/(α + β), and Var[ρ] � αβ/((α + β)2(α + β + 1)),
and calculate the average δ. We repeat this for k � 3, 5,
and 10, and for a variety of values for the parame-
ters of the beta distribution. Keeping E[ρ] constant at
0.1, 0.2, . . . , 0.9, we vary α + β from 100 (low uncer-
tainty) to 50 (medium uncertainty) to 10 (high uncer-
tainty). Table 3 shows the average δ for different values
of k and E[ρ] with varying levels of uncertainty, along
with the case of known ρ (no uncertainty).
First note that, given k, δ under no uncertainty is the

lowest. It makes sense that any uncertainty about ρ is
yet another addition to the parameter uncertainty and
should increase δ. Further, for E[ρ] ≤ 0.6, δ does not
vary much at all with increasing uncertainty about ρ.
Even for E[ρ] ≥ 0.7, the impact is less than remarkable.
For example, with E[ρ]� 0.7, the increase in δ from no
uncertainty to high uncertainty is 3.46 to 3.84 for k � 3,
2.8 to 3.12 for k � 5, and 2.55 to 2.83 for k � 10. It is only
in the extreme case of high uncertainty and high E[ρ]
at 0.9 that the jump in δ is substantial.

Next, we explore heterogeneity in the pairwise cor-
relations. For such a case, our model with a common ρ
no longer holds. In Appendix B, we develop a more
general model, where x � (x1 , . . . , xk)′ follows a mul-
tivariate normal with mean vector µ � µe, where e �

(1, . . . , 1)′ is a k × 1 column vector, and k × k positive
definite covariance matrix Σwith diagonal elements σ2

and off-diagonal elements ρi jσ
2, with ρi j known. Both

E[ ỹ | x] and Var[ ỹ | x] are weighted mixtures of ρi js
and the observed x. And, hence, the augmentation fac-
tor δ depends not only on k and ρi js but also on the
observed x.

Given k, we generate each pairwise correlation ρi j
independently from a beta distribution as defined
before. Here, the mean of the beta distribution is the



Gaba, Popescu, and Chen: Assessing Uncertainty from Point Forecasts
Management Science, 2019, vol. 65, no. 1, pp. 90–106, ©2018 INFORMS 97

Table 3. Impact of Uncertainty About ρ on δ: Average δ for Selected Values of k and E[ρ]with Varying Levels of Uncertainty
About ρ

k and levels of uncertainty about ρ

k � 3 k � 5 k � 10

E(ρ) None Low Medium High None Low Medium High None Low Medium High

0.1 1.76 1.76 1.77 1.77 1.38 1.38 1.38 1.38 1.22 1.22 1.22 1.23
0.2 1.91 1.92 1.92 1.94 1.51 1.51 1.51 1.52 1.34 1.34 1.35 1.36
0.3 2.09 2.10 2.10 2.14 1.66 1.66 1.66 1.69 1.48 1.49 1.49 1.52
0.4 2.31 2.32 2.32 2.39 1.84 1.84 1.85 1.89 1.65 1.66 1.66 1.71
0.5 2.58 2.59 2.61 2.71 2.07 2.07 2.08 2.17 1.87 1.88 1.89 1.96
0.6 2.94 2.97 2.98 3.14 2.37 2.38 2.40 2.55 2.15 2.16 2.18 2.30
0.7 3.46 3.50 3.53 3.84 2.80 2.82 2.85 3.12 2.55 2.57 2.60 2.83
0.8 4.32 4.40 4.45 5.24 3.50 3.55 3.63 4.26 3.20 3.26 3.30 3.90
0.9 6.22 6.44 6.69 10.76 5.06 5.26 5.49 8.47 4.64 4.79 4.99 8.13

average ρi j among the k experts, and a higher vari-
ance indicates a higher level of heterogeneity. If a draw
results in a covariance matrix that is not positive defi-
nite, then that draw is discarded and another is taken
until there are 10,000 draws in all. For each draw of
a positive definite covariance matrix, we generate a
k-variate forecast from a multivariate normal, without
loss of generality (WLOG) with mean vector 0 and a
covariance matrix based on the drawn observation of a
set of ρi js and with σ2 � 1. We then compute δ as the
ratio of

√
Var[ ỹ | x] with respect to the observed s. The

proportion of positive definite covariance matrices is
small for large k and for high levels of heterogeneity
with high E(ρ). So, we generate simulations for k � 3, 5,
and 10, and holding average ρi j=α/(α + β) constant at
0.1, 0.2,. . . , 0.7, we vary α + β (the level of heterogene-
ity) from 100 (low) to 50 (medium), along with the
corresponding case where the average ρi j is the com-
mon ρ (none). For what we label medium, the degree
of heterogeneity is still reasonably high. For example,
with average ρi j � 0.5, the standard deviation of beta
distribution is 0.07 for medium heterogeneity and 0.05
for low heterogeneity. Table 4 shows the average δ for
these cases.
Once again, the overall results are similar to the case

of known and common ρ (shown in Table 2). Given k,

Table 4. Impact of Heterogeneity in Pairwise Correlations on δ: Average δ for Selected
Values of k and Average ρi j with Varying Levels of Heterogeneity in ρi j s

k and levels of heterogeneity in ρi js

k � 3 k � 5 k � 10

Average ρi j None Low Medium None Low Medium None Low Medium

0.1 1.76 1.77 1.76 1.38 1.38 1.38 1.22 1.22 1.22
0.2 1.91 1.92 1.92 1.51 1.51 1.51 1.34 1.34 1.34
0.3 2.09 2.10 2.10 1.66 1.66 1.66 1.48 1.49 1.49
0.4 2.31 2.32 2.32 1.84 1.84 1.85 1.65 1.66 1.66
0.5 2.58 2.59 2.60 2.07 2.07 2.08 1.87 1.88 1.89
0.6 2.94 2.96 2.97 2.37 2.38 2.39 2.15 2.17 2.18
0.7 3.46 3.49 3.52 2.80 2.82 2.85 2.55 2.57 2.58

a higher average ρi j leads to a higher δ. And given
average ρi j , a higher k leads to lower δ. What is more
reassuring is that, at least for the results we obtained,
heterogeneity has no to low effect on δ.

In sum, the results indicate that the δ in our model
with common and known ρ provides a lower bound
for cases where ρ is common but uncertain and for
cases where ρ equals the average of ρi js. The level
of uncertainty on the common ρ matters substantially
only for extreme cases of high uncertainty and high
E[ρ], whereas δ is robust with respect to heterogeneity
in pairwise correlations. This provides further support
for our model with common and known ρ. And, more
broadly, this is consistent with the discussion in Sec-
tion 1 on equal-weights model for experts.

3.2. A Lognormal Model
In Section 2.1, we assume that the distribution of ỹ
given µ and σ2 is normal. This is often a reasonable
approximation for many real-life settings. However,
in some instances, the decision maker might consider
f ( ỹ | θ) to be skewed and/or bounded frombelowwith
a long right tail, such as demand for a new product that
has a small chance but a large potential for blockbuster
sales. As mentioned in Bimpikis and Markakis (2016),
themarkets for fashion, technology, and creative goods
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Table 5. Summary of the Four Methods (PD, PD0, CE, CE0) in the Lognormal Model

A 100(1− γ)%
f (ln ỹ | x) prediction interval for ỹ | x

PD tk

(
x̄t ,

√
k − 1

k

(
1+ ρL

1− ρL
+

1
k

)
st

)
exp

(
x̄t±t1−γ/2, k

√
k − 1

k

(
1+ ρL

1− ρL
+

1
k

)
st

)
PD0 tk

(
x̄t ,

√
k − 1

k

(
1+ 1

k

)
st

)
exp

(
x̄t±t1−γ/2, k

√
k − 1

k

(
1+ 1

k

)
st

)
CE N

(
x̄t ,

s2
t

1− ρL

)
exp

(
x̄t±z1−γ/2

√
1

1− ρL
st

)
CE0 N(x̄t , s2

t ) exp(x̄t±z1−γ/2st)

typically exhibit heavy-tailed demand distributions
(see also Chevalier and Goolsbee 2003, Gaffeo et al.
2008). In such cases, a lognormal distribution might
be more appropriate than a normal. In that spirit,
we modify our model in Section 2.1 such that ln ỹ ∼
N(µ, σ2) and ln x1 , . . . , ln xk follow a multivariate nor-
mal with mean vector µ � µe, where e � (1, . . . , 1)′
is a k × 1 column vector, and k × k positive definite
covariance matrix Σwith diagonal elements σ2 and off-
diagonal elements ρLσ

2, with ρL �Corr[ln xi , ln x j | θ],
i , j, which implies that ρ�Corr[xi , x j | θ]� (eρLσ

2 − 1)/
(eσ2 − 1) (Johnson et al. 2002). Note that ρL depends
also on σ (and hence the CV of the distribution) and is
monotonically increasing in ρ between ρL � ρ � 0 and
ρL � ρ � 1.
In our normal model, f ( ỹ | x) � f ( ỹ | x̄ , s2) is a t dis-

tribution. Using the same results, in our lognormal
model, f (ln ỹ | x)� f (ln ỹ | x̄t , s2

t ) is a t distribution with
the same parameters as in the normal model except for
x̄t � (1/k)

∑k
i�1 ln xi and s2

t � (1/(k − 1))∑k
i�1(ln xi − x̄t)2

replacing x̄ and s2, respectively. The distribution for
ỹ | x is then a log t distribution that is very heavy tailed
with undefined moments. However, it is still possible
to construct prediction intervals for ỹ | x by simply tak-
ing the exponential transforms of the corresponding
quantiles of the underlying t distribution for f (ln ỹ | x).
Table 5 summarizes the lognormal model under the
four methods (PD, PD0, CE, and CE0) defined in Sec-
tion 2.1.1, and provides for each of those the distri-
bution of ln ỹ | x and the corresponding 100(1 − γ)%
prediction interval, 0 ≤ γ ≤ 1, for ỹ | x.
Note that the prediction intervals are stated in terms

of ρL = Corr[ln xi , ln x j | θ]. It is easy to see that the
rank order of the widths of these prediction intervals
under the four methods is the same as in our normal
model, with the prediction interval for PD (CE0) being
the widest (narrowest). Furthermore, given 0 ≤ ρ ≤ 1,
ρL − ρ ≥ 0 and this difference is increasing in σ2. This
then implies that the impact of ignoring parameter
uncertainty or the dependence in the normal model is
only exacerbated in the lognormal model, even more
so as the coefficient of variation (CV) of the lognor-
mal distribution increases. In other words, ignoring

dependence or parameter uncertainty would create
even greater spurious accuracy in the prediction inter-
vals for ỹ given x in the lognormal model than in the
normal model, and the same would get worse with
higher CV of the lognormal. This renders our approach
even more crucial in a lognormal model.

3.3. Assessing Dependence
In Section 3.1, we observe that our model is fairly
robust with respect to uncertainty about ρ or any
heterogeneity in the pairwise correlations. This adds
to the attractiveness of the equal-weights model dis-
cussed in Section 1. However, there still remains the
issue of estimating the common correlation.
If relevant past data exist, or if experts provide sev-

eral forecasts of the same variable (for example, mul-
tiple time-based forecasts such as price of oil for var-
ious periods), standard statistical methodologies exist
to estimate the pairwise correlations (see, e.g., Meyer
and Booker 2001, for a discussion specific to expert
judgment), and a mean of such correlations would be
a reasonable input in our model. Equally if not more
likely is a situation where no relevant past data are
available. There might be new experts or a new set
of information with a different proportion of common
to private information among experts. As mentioned
earlier, with the experts providing only one k-variate
observation, there is no information content in the sam-
ple on the correlation. For example, to obtain a max-
imum likelihood estimate (MLE) of ρ, 0 ≤ ρ ≤ 1, we
need more than one observation to avoid the degen-
erate case with MLE of ρ � 0. Hence, some subjective
assessment on ρ might be necessary, simply assuming
ρ � 0 as the default option clearly not being advisable.
For such a scenario, Clemen et al. (2000) provide

a review of past research and a comparison of six
assessment procedures with a prescriptive orientation.
They find that asking for a direct estimate of correla-
tion works best. However, in a further excellent review
of related literature, Garthwaite et al. (2005) find this
somewhat surprising and point to studies that propose
method of assessing concordance probability as being
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more preferable for eliciting correlations (Gokhale and
Press 1982, Kunda and Nisbett 1986). Yet, another way
to think about the common correlation between experts
is as the proportion of information that is common to
all the experts (Lichtendahl et al. 2013a, Winkler 1981).
More recent work by Palley and Soll (2016) proposes
an elicitation method for estimating the proportion of
shared information to private information among fore-
casters by asking them to provide not just their indi-
vidual forecasts but also the average forecast that will
be provided by the other forecasters, which can then
become the basis for the assessment of the common
correlation.
Akin to the idea of wisdom of crowds and the common

practice of plurality of approaches in prescriptive deci-
sion analysis (Brown and Lindley 1986, Lindley 1986),
Winkler and Clemen (2004) consider combining cor-
relation assessments by simple averaging with multi-
ple experts and multiple methods, and find that there
is substantial improvement in accuracy by increasing
the number of experts or methods, but with dimin-
ishing returns to extra experts or methods. They state
(pp. 173–174) that “the gains are much greater from
multiple experts than from multiple methods, with
a second expert being worth more on average than
fourmethods.” Besides averaging, theremight be other
ways to reconcile different assessments of correlation.
For example, the differences in estimates from two dif-
ferent methods could be used in some process of rec-
onciliation tomake the experts “think harder andmore
carefully,” by sharing with them that one estimate is
higher than the other, and then asking them to read-
just their initial estimates until the estimates more or
less converge. This, however, involves repeated assess-
ments from the experts, which could be burdensome
with no guarantee of reconciliation.
In sum, combining assessments (e.g., by averaging)

using at least two methods across multiple experts
seems the most reasonable to us. In the e-companion
to this paper, we provide a discussion and an exam-
ple of how the correlation might be assessed, along
with a step-by-step demonstration of our PD method.
However, this remains a worthwhile area for further
research.

4. An Illustration for the Newsvendor
Problem

Until now, we considered the impact of ignoring
dependence and parameter uncertainty on ỹ | x in
purely inferential terms. However, a decision maker’s
primary concern might be whether such an impact
affects the ultimate consequences of a decision. In this
section, we extend the analysis to a frequently encoun-
tered decision-making context of a newsvendor. In a

typical newsvendor setting, a decision maker must
make a one-time ordering decision ahead of the sell-
ing season without knowing the demand. The param-
eters for the newsvendor problem are as follows: c > 0
is the unit cost, p > c is unit selling price, and v < c is
the unit salvage value. Let Π(y , q) be the profit func-
tion, where y is the realized demand and q is the
order quantity. For a given demand distribution, the
solution to the problem is q∗ � arg maxq E[Π( ỹ | q)] �
F−1

ỹ (CR), where F ỹ is the cumulative distribution func-
tion of demand and CR � (p− c)/(p−v) is the fractile of
the demand distribution corresponding to the optimal
order quantity.

We show in Section 2.1.1 that ignoring dependence
or parameter uncertainty leads to underestimation of
uncertainty about the variable of interest. Here, we
investigate the resulting implications for the newsven-
dor quantity and the profit.

4.1. Impact of Ignoring Dependence or Parameter
Uncertainty on the Order Quantity

Following Table 1 in Section 2.1.1, it is easily seen that
conditional on x the optimal order quantities under
each of the four methods discussed are

qPD � x̄ + tCR, k s

√
k − 1

k

(
1+ ρ
1− ρ +

1
k

)
;

qPD0
� x̄ + tCR, k s

√
k − 1

k

(
1+ 1

k

)
; (12)

qCE � x̄ + zCRs

√
1

1− ρ ; qCE0
� x̄ + zCRs .

Proposition 4 provides a comparison of the four order
quantities.

Proposition 4. (a) For ρ > 0 and k > 2, conditional on x,
we have

qPD <min{qPD0
, qCE} ≤max{qPD0

, qCE} < qCE0
,

for 0 < CR < 0.5,
qPD >max{qPD0

, qCE} ≥min{qPD0
, qCE} > qCE0

,

for 1 > CR > 0.5,
qPD � qPD0

� qCE � qCE0
� x̄ , for CR � 0.5.

(b) Let q̃i be the unrealized value of qi for i ∈ {PD ,
PD0 ,CE,CE0}—i.e., before x is observed. Then, Var[q̃PD] ≥
max{Var[q̃PD0

],Var[q̃CE]} ≥min{Var[q̃PD0
],Var[q̃CE]} ≥

Var[q̃CE0
] for ρ > 0 and k > 2.

For any x, the order quantity in our model (PD) is
the most conservative of the four, by erring on the side
of the less costly consequence: lowest estimation of
demand for CR< 0.5 and highest estimation of demand
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Figure 2. Expected Order Quantities (E[q]) Under the Four Methods (PD, PD0, CE, and CE0) in the Normal Model, Rescaled
with q∗PI (Optimal Order Quantity with µ and σ2 Known)� 1, for Selected Values of CR and k
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for CR > 0.5. However, the variance of q̃PD is also the
highest of the four.
It is useful to further compare these quantities with

the optimal order quantity q∗PI under perfect informa-
tion about the demand distribution parameters—i.e.,
with µ and σ2 known. From (13), it is easy to verify that
E[q̃PD]�E[q̃PD0

]�E[q̃CE]�E[q̃CE0
]�q∗PI for CE�0.5, and

that q∗PI < (>)E[q̃CE]< (>)E[q̃CE0
] for CR < (>)0.5. Fur-

ther comparisons are, however, less straightforward,
for which we use simulations.
For a given CR, CV, k, and ρ, we generate 100,000

k-variate observations of x from a multivariate normal
and for each observation compute the order quantities
under each of the four methods along with q∗PI (which
does not depend on x and hence is the same across
all observations). We do this for the cases of low (0.2)
and high (0.8) CR, CV � 0.2 (assuming WLOG µ � 10
and σ � 2), k ∈ {3, 7, 100}, and ρ ∈ {0, 0.1, . . . , 0.9}. Fig-
ure 2 shows the expected order quantities, rescaled
with q∗PI � 1, under the four methods for the various
levels of the parameters. The PD method shows a bias
relative to q∗PI in the less costly direction, and this bias
increases with ρ. Ignoring parameter uncertainty, CE
on average yields an order quantity more consistent
with q∗PI , but alwayswith a small bias in themore costly
direction. Ignoring both ρ and the parameter uncer-
tainty, CE0 amplifies this costly bias further. Ignoring ρ
but not parameter uncertainty, PD0 leads to a bias rel-
ative to q∗PI in the more costly direction whenever ρ is
significantly different from zero or k is large. Given ρ,

all that a higher k does is bring the order quantities
under PD0 and CE0 closer.
It is interesting to contrast our results with some

results in the behavioral operations literature. For
instance, Ren and Croson (2013) and Ren et al. (2017)
show that an overconfident newsvendor will underes-
timate the variance of the demand distribution (equiv-
alent to ignoring ρ or parameter uncertainty in our
model). As a consequence, the order quantity will have
a bias relative to q∗PI in the more costly direction, and
this bias is linear in the level of overconfidence. One
implication from that literature is that correcting for
overconfidence will eliminate the decision bias and
increase profits. As we show next, in our model, a
method that only eliminates the bias need not produce
optimal profits.

4.2. Impact of Ignoring Dependence and Parameter
Uncertainty on the Newsvendor Profit

Here, we investigate the profit distributions associated
with each of the four methods. For analytical tractabil-
ity, we first analyze profit under the assumption that
σ2 is known. Later, we show numerically that all of the
results remain valid also for the case of unknown σ2.

4.2.1. Unknown µ and Known σ2. When demand is
normally distributed with unknown µ and known σ2,
with a diffuse prior on µ, the predictive distribution
of demand f ( ỹ | x) is normal with mean x̄ and vari-
ance (1+1/k∗)σ2, where k∗ < k is the equivalent sample
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size as before. The corresponding predictive distribu-
tion that ignores ρ is normal with mean x̄ and vari-
ance (1 + 1/k)σ2. With σ2 known, the CE and CE0 are
the same and involve simply estimating the unknown
parameter µ and result in a demand distribution that is
normalwithmean x̄ and variance σ2. Hence, ρ does not
play any role in these two methods. The optimal order
quantities under the different estimation methods are

qPD � x̄ + zCRσ

√
1+ 1

k∗
;

qPD0
� x̄ + zCRσ

√
1+ 1

k
; (13)

qCE � qCE0
� x̄ + zCRσ.

Conditional on µ, x̄ ∼N(µ, σ2/k∗). And, hence, condi-
tional on µ, each of the order quantities in (14) are
normally distributed with variance σ2/k∗ and

E[q̃PD | µ] � µ+ zCRσ

√
1+ 1

k∗
;

E[q̃PD0
| µ] � µ+ zCRσ

√
1+ 1

k
; (14)

E[q̃CE | µ] � µ+ zCRσ.

Note that conditional on µ, the certainty equivalence
model in expectation will lead a decision maker to the
optimal order quantity q∗PI . However, as shown next,
that expected profit is highest under the PD method.
The following theorem states a more general result.

Theorem 1. Let ỹ ∼N(µ, σ2) be the unrealized demand for
a newsvendor, and q∗PI the optimal order quantity when µ
and σ2 are known. Let q̃ε, τ ∼ N(q∗PI + ε, τ

2) be a random
order quantity, and E[Π( ỹ , q̃ε, τ)] the expected newsvendor
profit.
(a) E[Π( ỹ , q̃ε, τ)] is decreasing in τ.
(b) E[Π( ỹ , q̃ε, τ)] is a concave function of ε and attains

its maximum at ε∗ � zCR(
√
σ2 + τ2 − σ).

The implication of Theorem 1 for a decision maker is
twofold. First, everything else equal, a higher variance
in the order quantity will result in a lower expected
profit. Second, for a given variance in the order quan-
tity, a demand estimationmethod that leads to an order
quantity that is equal to q∗PI on average will result in
a lower expected profit than a model that errs on the
side of caution, provided that the bias is not too severe.
In some behavioral research, Schweitzer and Cachon

(2000) and Rudi and Drake (2014), for example, show
that the order quantity exhibits variability as well as a
bias relative to the normative optimal order quantity.
In particular, such literature documents the pull-to-
center effect by which people tend to order, on average,
quantities between the mean demand and the optimal
order quantity. Moreover, people also vary their orders

from period to period, despite unchanging demand
conditions. These systematic deviations are attributed
mainly to an anchoring bias and a preference to reduce
ex post inventory error. Rudi and Drake (2014) try to
disentangle the performance impact of the bias (first
moment effect) from that of the variability of the order
quantity (second moment effect). Theorem 1 shows
that one could compensate for the variability in order
quantity by increasing the bias in the less costly direc-
tion. Thus, the first and secondmoment effects together
could either amplify the cost or partially cancel each
other out depending on the direction of the bias.

Corollary 2. (a) The following inequalities hold: E[Π( ỹ ,
q̃PD)] ≥ E[Π( ỹ , q̃PD0

)] ≥ E[Π( ỹ , q̃CE)].
(b) Assume a forecasting method F produces ỹ | x ∼ D,

where D is a distribution with mean and location parameter
x̄ and standard deviation aσ + b, with a ∈ R+ and b ∈ R.
Then, E[Π( ỹ , q̃PD)] ≥ E[Π( ỹ , q̃F)] for any such F.

Corollary 2 shows an immediate implication of The-
orem 1, that the expected profit is the highest for PD
model, and no other model that produces a forecasting
distribution with a mean and location parameter equal
to the experts’ mean forecast and a standard deviation
equal to some linear transformation of σ will perform
better than the PD model in expectation. This result
also makes it easier to compare our method with the
one in Fisher and Raman (1996), for example. Recall
that in FRH, ỹ | x ∼N(x̄ , (as)2). Corollary 2 shows that
such a method cannot do better than PD. Next, we
show with simulations that these results also hold for
a normal model with unknown µ and σ2.
4.2.2. Unknown µ and σ2. We generate expected profit
under the four methods, using the same set of simu-
lation parameters as in Section 4.1. Figure 3 shows the
expected profit, rescaled with E[Π( ỹ , q∗PI)] � 1, under
the four methods for various levels of the parameters.
In all cases, the expected profit is highest under PD,
followed by CE, then PD0, and the expected profit is
lowest under CE0. Given k and CR ≤ 0.5, the expected
profits under PD and CE (methods that account for ρ)
are close for low values of ρ but get higher under
PD for moderate to large values of ρ. Similarly, the
expected profits under PD0 and CE0 (methods that
ignore ρ) are very close but less than those under PD
and CE, and this difference gets larger at higher values
of ρ. All that a higher k does is bring PD0 and CE0
much closer together. This overall pattern is less pro-
nounced for CR ≥ 0.5, where expected profits tend to
be much closer under the four methods, but still high-
est under PD.

To summarize, we show that our model in compar-
ison with the other three methods yields the lowest
(highest) order quantity of all of the models under con-
sideration for low (high) CRs. In fact, our model is
biased in the direction of the less costly decision—i.e.,
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Figure 3. Expected Profit (E[Π]) Under the Four Methods (PD, PD0, CE, and CE0) in the Normal Model, Rescaled with
E[Π(q∗PI)]� 1, Given CV � 0.2, for Selected Values of CR and k
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underestimation of demand with low CR and overesti-
mation of demand with high CR. Further, the expected
profit is the highest under our model. For low CRs,
this increase in expected profit can exceed 20% com-
pared to the other methods discussed. For high CRs,
the impact is more muted, and the increase in expected
profit under our model compared to the other meth-
ods is generally less than 5%. Ignoring ρ appears to be
a more costly mistake than ignoring parameter uncer-
tainty, with expected profit being higher underCE than
under PD0. It is worth noting that this is the impact on
gross profit, whereas the benefits in terms of net profit
can be many-fold higher. Fisher and Raman (1996),
for example, state that in some apparel industries, the
average net profit is about 3% of sales. In their exam-
ple, a mere 1.8% increase in gross profit translates into
a 60% increase in net profit.

5. Summary and Discussion
We develop a parsimonious and practical approach
for generating a predictive distribution for a vari-
able of interest based on point forecasts provided by
experts. Our approach allows for the point forecasts to
be correlated and admits uncertainty on the distribu-
tion parameters given the forecasts. In keeping with
the extensive empirical findings on combining fore-
casts, we use an equal-weights model for experts—i.e.,
all experts are treated equally in terms of their accu-
racy and pairwise correlations. The resulting predic-
tive distribution shows that ignoring either parameter

uncertainty or dependence can lead to much spurious
accuracy in terms of an unrealistically narrow distri-
bution. Further, we provide a rationale for an aug-
mentation factor that is needed to equate the stan-
dard deviation of the predictive distribution to the
observed dispersion of the point forecasts, as a simple
scalar factor. This augmentation factor, which is always
greater than 1, depends on the correlation and on the
number of forecasts. Given a number of forecasts, a
higher correlation leads to a higher augmentation fac-
tor, indicating greater predictive uncertainty. On the
other hand, given a correlation, a higher number of
forecasts reduces the augmentation factor, indicating
lower predictive uncertainty. However, loss of informa-
tion due to dependence cannot be overcome by simply
increasing the number of forecasts, even to an extreme.
For example, given ρ � 0.8, even with 100 point fore-
casts, the augmentation factor remains at about 3.

Our model assumes all pairwise correlations to be
equal and known. However, we show that our model is
fairly robust to uncertainty about the correlation and to
heterogeneity in the pairwise correlations. In any case,
the mean correlation in case of uncertainty or hetero-
geneity provides at the very least in our model a lower
bound on the predictive uncertainty. Another advan-
tage of our approach is that it can be used even in the
absence of any past data. Although in that case, a sub-
jective assessment of the correlation is necessary. We
discuss some of the existing approaches for such a task.
Averaging estimates of correlation across experts and
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methods appears to be the most promising. Clearly,
simply ignoring dependence is not a good option.
We further extend our model under normality to

the case where the variable of interest and the point
forecasts have a lognormal distribution. The results
under normality only get exacerbated in the lognormal
case—i.e., ignoring dependence or parameter uncer-
tainty leads to even a more unrealistically narrower
predictive distribution.

Finally, we illustrate the implications in a decision-
making context of a newsvendor setting. Our model,
when compared to other methods that ignore depen-
dence or parameter uncertainty, leads to an order
quantity that on average is smaller (larger) for CR ≤
0.5 (CR ≥ 0.5) but has higher variance. However, our
model leads to the highest expected profit. In fact,
we show that a method that ignores dependence and
parameter uncertainty leads to an order quantity that
is on average equal to the optimal quantity under per-
fect information on the distribution parameters but
yields lower expected profit compared to our model.
This is because our model errs on the side of cau-
tion, whereas a method that ignores dependence and
parameter uncertainty retains much spurious accuracy
(in terms of a distribution that is tighter than it should
be) and hence a greater chance of a costly mistake (in
terms of the order quantity).

There remain a number of directions for possible
further research. As mentioned earlier in Section 3.3,
further development of robust intuitive methods for
subjective assessment of dependence among forecast-
ers is a worthwhile direction. This could be useful also
in some other domains, such as exploiting the corre-
lation structure in hierarchical forecasting of the type
discussed in Kremer et al. (2015). Another direction is
the role of dependence when experts might be asked
for multiple estimates rather than just a point estimate.
While assessing an entire probability distribution for
a variable of interest can be a difficult cognitive task,
experts might be asked to provide three-point distri-
butions (Keefer and Bodily 1983), quantile or cumu-
lative probability judgments (Wallsten et al. 2016), or
prediction intervals (Moder et al. 1995). There are a
number of issues to consider in such cases. Since early
papers by Alpert and Raiffa (1982) and Lichtenstein
et al. (1982), overconfidence in such subjective forecasts
is one of the most documented findings. In addition,
one might expect that the multiple estimates from an
expert might be correlated. And, then there is the issue
of dependence among the experts. Jose et al. (2013) and
Lichtendahl et al. (2013b) look at trimming and aver-
aging quantiles to reduce overconfidence. Bansal et al.
(2017) and Bansal and Palley (2017) consider an opti-
mization approach to estimate the mean and standard
deviation from noisy quantile judgments of experts.
However, in these studies, the role of dependence

among experts is not clear. Gaba et al. (2017) explore
a variety of heuristics for combining prediction inter-
vals from experts. Using simulations and data sets
with interval forecasts made by professionals in their
domain of expertise, they find that the relative perfor-
mance of heuristics is influenced by the degree of over-
confidence in and dependence among the individual
forecasts. Dependence impacts the location and hence
the calibration of the combined interval, leading to
underestimation of uncertainty when a heuristic does
not account for the dependence, which is consistent
with the results in this paper. From a prescriptive point
of view, it is useful to keep in mind that decision mak-
ers may be less inclined to use typically more complex
methods associated with probability-based forecasts
relative to point forecasts because of the more detailed
modeling and data collection involved for estimation
of model parameters. On the other hand, it appears to
us a worthwhile attempt to explore whether multiple
probability-based judgments, despite issues of over-
confidence and dependence, provide a more reliable
assessment of the uncertainty compared to point fore-
casts.
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Appendix A. Proofs
Proof of Proposition 1. Completing the squares on µ in
(4) and verifying that e′Σ−1

ρ e � k∗ with k∗ � k/[1 +

(k − 1)ρ], (e′Σ−1
ρ x)/(e′Σ−1

ρ e) � x̄ with x̄ � (1/k)∑k
i�1 xi , and

(x′Σ−1
ρ x)/(e′Σ−1

ρ e) − ((e′Σ−1
ρ x)/(e′Σ−1

ρ e))2 � (k − 1)(s∗)2 with
(s∗)2 � s2/(1 − ρ) and s2 �

∑k
i�1(xi − x̄)2/(k − 1) yields the

result. �

Proof of Proposition 2. Using (4) and (5), and based on the
identity,

nµ(µ− µ0)2 + k∗(µ− x̄)2 � (nµ + k∗)(µ− µ∗)2 +
nµk∗(x̄ − µ0)2

nµ + k∗
,

where µ∗ � (nµµ0+k∗ x̄)/(nµ+k∗), we obtain the joint posterior
distribution,

f (µ, λ | x)∝λ1/2 exp
(
−λ2 (nµ + k∗)(µ− µ∗)2

)
λnv/2+k/2−1

· exp
(
−
(

nv v0

2 +
(k − 1)(s∗)2

2 +
nµk∗(x̄ − µ0)2

2(nµ + k∗)

)
λ

)
∝NG(µ, λ | µ∗ , n∗µ , v∗ , n∗v),

where n∗µ � nµ + k∗, n∗v � nv + k and v∗ � (1/n∗v)(nv v0 + (k − 1) ·
(s∗)2 + (nµk∗/(nµ + k∗))(x̄ − µ0)2). �
Proof of Proposition 3. It is easy to see that IW[PD] > (�)
IW[PD0] and IW[CE] > (�)IW[CE0] for ρ > (�)0. Next, we
compare IW[PD] to IW[CE] and IW[PD0] to IW[CE0].
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Let xk(u) be the solution of the equation Tk(x) � Φ(u),
where Tk and Φ are distribution functions of the standard t
with k degrees of freedom and the standard normal distri-
butions, respectively. A simple lower bound on xk(u)/u can
be obtained from the Cornish–Fisher expansion of xk(u) (see,
e.g., Fujikoshi and Mukaihata 1993):

xk(u)� u +
1

4k
(u3

+ u)+ 1
96k2 (5u5

+ 16u3
+ 3u)+ · · ·

For all u > 0 and k > 0, we have xk(u)/u ≥ 1+1/(4k). Similarly,
for u < 0 and k > 0, xk(u)/u ≤ 1+1/(4k). But, for k > 2 we have
(1 + 1/(4k))

√
((k − 1)/k)((1+ ρ)/(1− ρ)+ 1/k) >

√
1/(1− ρ). It

then follows that IW[PD] > IW[CE] and IW[PD0] > IW[CE0]
for ρ ≥ 0. �

Proof of Proposition 4. (a) This follows directly from Propo-
sition 3.

(b) We make use of the result that x̄ and s2 are inde-
pendently distributed when x follows a multivariate nor-
mal distribution with identical pairwise correlations ρ—i.e.,
Cov[x̄ , s]� 0 (Rao 1973, pp. 196–197). Hence,

Var[q̃PD]� Var[x̄]+ t2
CR, k

k − 1
k

(
1+ ρ
1− ρ +

1
k

)
Var[s],

Var[q̃PD0
]� Var[x̄]+ t2

CR, k
k − 1

k

(
1+ 1

k

)
Var[s],

Var[q̃CE]� Var[x̄]+ z2
CR

1
1− ρ Var[s],

Var[q̃CE0
]� Var[x̄]+ z2

CR Var[s].

Using the same reasoning as in Part (a), the inequalities
follow. �

Proof of Theorem 1. (a) Given an order quantity, the ex-
pected profit is given by E[Π( ỹ | q̃ε, τ � q]� (p−v)µ−(c−v)q−
σL(z)(p − v), where z � (q − µ)/σ and L(z)�

∫ ∞
z
(x − z)dΦ(x).

Then,

E[Π( ỹ , q̃ε, τ)]� (p − v)µ− (c − v)(q∗PI + ε) − σ(p − v)

·
∫ ∞

−∞
L(z) 1

τ
√

2π
e−(q−q∗PI−ε)

2/2τ2 dq. (A.1)

∂E[Π( ỹ , q̃ε, τ)]
∂τ

�
σ
τ
(p − v)

∫ ∞

−∞
L(z) e

−(q−q∗PI−ε)
2/2τ2

τ
√

2π
dq

− σ(p − v)
∫ ∞

−∞
L(z)
(q − q∗PI − ε)2

τ3

· e−(q−q∗PI−ε)
2/2τ2

τ
√

2π
dq. (A.2)

Integrating by parts twice the second term in (A.2), we get:

∂E[Π( ỹ , q̃ε,τ)]
∂τ

�−τσ(p−v)
∫ ∞

−∞

∂2L(z)
∂q2

1
τ
√

2π
e−(q−q∗PI−ε)

2/2τ2dq.

But L(z) is a convex decreasing function of q and the result
follows.

(b) From (A.1), differentiating with respect to ε, we get the
following first-order condition:

∂E[Π( ỹ , q̃ε, τ)]
∂ε

�−(c−v)−σ(p−v)
∫ ∞

−∞
L(z)
(q−q∗PI−ε)
τ3
√

2π
e−(q−q∗PI−ε)

2/2τ2 dq�0.

Integrating by parts, we get

∂E[Π( ỹ , q̃ε, τ)]
∂ε

�−(c− v)− σ(p− v)
∫ ∞

−∞

∂L(z)
∂q

1
τ
√

2π
e−(q−q∗PI−ε)

2/2τ2 dq

�−(c− v)+ (p− v)− (p− v)
∫ ∞

−∞
Φ(z) 1

τ
√

2π
e−(q−q∗PI−ε)

2/2τ2dq

�−(c− v)+ (p− v)− (p− v)P(Y ≤ 0)�0,

where Y is a normally distributed random variable with
mean (µ − q∗PI − ε)/σ and standard deviation

√
(σ2 + τ2)/σ2.

Equivalently, P(Y ≤ 0) � CR. Then 0 � (µ − q∗PI − ε∗)/σ +

zCR

√
(σ2 + τ2)/σ2, or equivalently ε∗ � zCR(

√
σ2 + τ2 − σ).

We used the fact that q∗PI � µ + zCRσ. Note also that
∂2E[Π( ỹ , q(ε))]/∂ε2 ≤ 0, so ε∗ maximizes (A.1). �

Proof of Corollary 2. (a) Conditional on µ, x̄ ∼ N(µ, σ2/k∗).
And, hence, conditional on µ, each of the three order quan-
tities are normally distributed with variance σ2/k∗. More-
over, E[q̃CE | µ] � q∗PI , E[q̃PD | µ] � q∗PI + zCRσ(

√
1+ 1/k∗ − 1)

and E[q̃PD0
| µ] � q∗PI + zCRσ(

√
1+ 1/k − 1). Also, 0 ≤ |zCR ·

σ(
√

1+ 1/k − 1)| ≤ |ε∗ | � |zCRσ(
√

1+ 1/k∗ − 1)|, because k ≥ k∗.
Then, from Theorem 1, it follows that E[Π( ỹ , q̃PD) | µ] ≥
E[Π( ỹ , q̃PD0

) | µ] ≥ E[Π( ỹ , q̃CE) | µ]. Hence, for any prior den-
sity function on µ, the result follows.

(b) If distribution D has location parameter and mean x̄
and standard deviation aσ+ b, then Dx̄ is a distribution with
mean zero and standard deviation aσ + b, where Dx̄(y) �
D(y − x̄) does not depend on x̄. Then, qF � D−1(CR) � x̄ +

D−1
x̄ (CR). It follows that, conditional on µ, qF is normally dis-

tributed with variance σ2/k∗. From Theorem 1, the inequality
follows. �

Appendix B. Normal Model with
Heterogeneous ρi js

We extend Section 2.1 by allowing heterogeneous ρi js in Σ. In
this case, the covariance matrix Σ has diagonal elements σ2

and off-diagonal elements ρi jσ
2, with ρi j � Corr[xi , x j | θ],

i , j. Assume ρi js are known.
Setting Σ � σ2Σρi j

where Σρi j
is a k × k is a matrix with

diagonal elements 1 and off-diagonal elements ρi j . With λ �

1/σ2, the likelihood function can be rewritten as

l(x |µ,λ)∝λk/2 exp
(
−λk∗

2 (µ− µ̂)
2
)

exp
(
−λ2 (k−1)ŝ2

)
, (B.1)

where k∗ � e′Σ−1
ρi j

e, µ̂ � (e′Σ−1
ρi j

x)/(e′Σ−1
ρi j

e) and ŝ2 � ((x− µ̂e)′ ·
Σρi j

−1(x− µ̂e))/(k − 1).
Using the normal-gamma prior distribution on µ and λ in

Section 2.1, the posterior distribution of µ and λ is

f (µ, λ | x)�NG(µ, λ | µ∗ , n∗µ , v∗ , n∗v)

�N(µ | µ∗ , (n∗µλ)−1)Gamma
(
λ

���� n∗v
2 ,

n∗v v∗

2

)
, (B.2)

where n∗µ � nµ + k∗, µ∗ � (nµµ0 + k∗µ̂)/n∗µ, n∗v � nv + k and
v∗ � (1/n∗v)(nv v0 + (k − 1)ŝ2 + (nµk∗/(nµ + k∗))(µ̂− µ0)2).

It then follows that f ( ỹ | x) is a t distribution with degrees
of freedom n∗v , location parameter µ∗, and scale parameter



Gaba, Popescu, and Chen: Assessing Uncertainty from Point Forecasts
Management Science, 2019, vol. 65, no. 1, pp. 90–106, ©2018 INFORMS 105

√
(n∗µ + 1)v∗/n∗µ, so that E[ ỹ | x]� µ∗ for n∗v > 1 and, for n∗v > 2,

Var[ ỹ | x]� n∗v/(n∗v − 2)(v∗ + v∗/n∗µ).
With a diffuse prior on µ and σ2 (i.e., with nµ � nv � 0),

f ( ỹ | x) is a t distribution with k degrees of freedom, loca-
tion µ̂, and scale

√
(k∗ + 1)v∗/k∗, which yields E( ỹ | x)� µ̂ and

Var[ ỹ | x]�
(
1+ 1

k∗

) (x− µ̂e)′Σ−1
ρi j
(x− µ̂e)

k − 2 . (B.3)

Endnotes
1As an alternative, consider that x follows a multivariate normal
with a mean vector µ� (a +µ)e, where e� (1, . . . , 1)′, and a k × k pos-
itive definite covariance matrix Σ with diagonal elements bσ2 and
off-diagonal elements ρ, b ≥ 1. One way such a model could arise
is when xi � ỹi + εi , where, ∀ i, given the parameters θ � (µ, σ2) and
θε � (a , σ2

ε), ỹi ∼N(µ, σ2), εi ∼N(a , σ2
ε), and ỹi and εi are conditionally

independent. Then, E(xi | θ, θε) � µ+ a and Var[xi | θ, θε] � σ2 + σ2
ε �

bσ2, with b ≥ 1. And, for i , j ∈ {1, . . . , k}, i , j, Corr[xi , x j | θ, θε] �
Corr[ ỹi + εi , ỹ j + ε j | θ, θε] � ρi j � ρ. Here, a is the average bias in
experts’ forecasts, and b can be thought of as related to the forecast-
ing ability of experts, with σ2 as the irreducible uncertainty of ỹ. As
the forecasting ability improves, b approaches 1. Such a model is in
the same spirit as those considered in, among others, Raju and Roy
(2000) and Vives (1984). With a and b known from extensive past
data, the experts forecasts can simply be adjusted for the bias a to
obtain a µmean vector. And, b > 1 does not change any of the results
in our paper with respect to the role of dependence or parameter
uncertainty in inferences about ỹ | x.
2A possible way to view a is as E[sfe | θ, ρ]/E[s | θ, ρ], where sfe �√

Var(x̄ − ỹ) and θ � (µ, λ). It can then be shown that (i) for k > 2,
a < δ and Var[PD] > Var[FRH] > Var[CE], and (ii) as k →∞, a ≈
δ and Var[PD] ≈ Var[FRH] > Var[CE]. With ρ > 0, there is a loss
of information about µ that cannot be recovered even with a very
large k. On the other hand, uncertainty about λ can be reduced
proportionally with a higher k. Hence, in such a setup, FRH can
be seen as a variation of the CE method that accounts for ρ as CE
does, but in addition also accounts for parameter uncertainty about µ
while ignoring that for λ. Therefore, with a very high k, FRH gets
close to PD, whereas CE still underestimates predictive uncertainty.

References
Alpert M, Raiffa H (1982) A progress report on the training of proba-

bility assessors. Kahneman D, Slovic P, Tversky A, eds. Judgment
Under Uncertainty: Heuristics and Biases (Cambridge University
Press, Cambridge, UK), 294–305.

Armstrong JS (2001) Principles of Forecasting: A Handbook for Re-
searchers and Practitioners (Springer Science and Business Media,
New York).

Ashton RH (1986) Combining the judgments of experts: How
many and which ones? Organ. Behav. Human Decision Processes
38(3):405–414.

Bansal S, Palley AB (2017) Is it better to elicit quantile or prob-
ability judgments? A comparison of direct and calibrated
procedures for estimating a continuous distribution. Kelley
School of Business Research Paper No. 17-44, https://ssrn.com/
abstract�2981840.

Bansal S, Gutierrez GJ, Keiser JR (2017) Using experts’ judgments
to quantify risks: Theory and application to agribusiness. Oper.
Res. 65(5):1115–1130.

Bernardo JM, Smith AF (1994) Bayesian Theory (John Wiley & Sons,
New York).

Bimpikis K, Markakis MG (2016) Inventory pooling under heavy-
tailed demand. Management Sci. 62(6):1800–1813.

Bolger F, Rowe G (2015) The aggregation of expert judgment: Do
good things come to those who weight? Risk Anal. 35(1):5–11.

Brown RV, Lindley DV (1986) Plural analysis: Multiple approaches
to quantitative research. Theory and Decision 20(2):133–154.

Bunn DW (1985) Statistical efficiency in the linear combination of
forecasts. Internat. J. Forecasting 1(2):151–163.

Chevalier J, Goolsbee A (2003) Measuring prices and price com-
petition online: Amazon.com and barnesandnoble.com. Quant.
Marketing Econom. 1(2):203–222.

Chhibber S, Apostolakis G (1993) Some approximations useful to the
use of dependent information sources. Reliability Engrg. System
Safety 42(1):67–86.

Clemen RT (1989) Combining forecasts: A review and annotated bib-
liography. Internat. J. Forecasting 5(4):559–583.

Clemen RT, Winkler RL (1985) Limits for the precision and value of
information from dependent sources. Oper. Res. 33(2):427–442.

Clemen RT, Fischer GW, Winkler RL (2000) Assessing dependence:
Some experimental results. Management Sci. 46(8):1100–1115.

Fisher M, Raman A (1996) Reducing the cost of demand uncertainty
through accurate response to early sales. Oper. Res. 44(1):87–99.

Fisher M, Raman A (2010) The New Science of Retailing: How Analyt-
ics Are Transforming the Supply Chain and Improving Performance
(Harvard Business Press, Boston).

Fujikoshi Y, Mukaihata S (1993) Approximations for the quantiles of
Student’s t and f distributions and their error bounds.Hiroshima
Math. J. 23(3):557–564.

Gaba A, Tsetlin I, Winkler RL (2017) Combining interval forecasts.
Decision Anal. 14(1):1–20.

Gaffeo E, Scorcu AE, Vici L (2008) Demand distribution dynamics in
creative industries: Themarket for books in Italy. Inform. Econom.
Policy 20(3):257–268.

Garthwaite PH, Kadane JB, O’Hagan A (2005) Statistical meth-
ods for eliciting probability distributions. J. Amer. Statist. Assoc.
100(470):680–701.

Gaur V, Kesavan S, Raman A, Fisher M (2007) Estimating demand
uncertainty using judgmental forecasts. Manufacturing Service
Oper. Management 9(4):480–491.

Geisser S (1965) A Bayes approach for combining correlated esti-
mates. J. Amer. Statist. Assoc. 60(310):602–607.

Gneiting T, Balabdaoui F, Raftery AE (2007) Probabilistic forecasts,
calibration and sharpness. J. Roy. Statist. Soc. Ser. B Statist.
Methodol. 69(2):243–268.

Gokhale DV, Press SJ (1982) Assessment of a prior distribution for the
correlation coefficient in a bivariate normal distribution. J. Roy.
Statist. Soc. Ser. A General 145(2):237–249.

Hammond JH, Raman A (1994) Sport Obermeyer, Ltd. (Harvard Busi-
ness School, Boston), HBS Case 695-022.

Hoff PD (2009) A First Course in Bayesian Statistical Methods (Springer
Science and Business Media, New York).

Johnson NL, Kotz S, Balakrishnan N (2002) Continuous Multivariate
Distributions, Volume 1, Models and Applications (John Wiley &
Sons, New York).

Jose VRR, Grushka-Cockayne Y, LLichtendahl KC Jr (2013) Trimmed
opinion pools and the crowd’s calibration problem. Management
Sci. 60(2):463–475.

Keefer DL, Bodily SE (1983) Three-point approximations for contin-
uous random variables. Management Sci. 29(5):595–609.

Kremer M, Siemsen E, Thomas DJ (2015) The sum and its parts:
Judgmental hierarchical forecasting. Management Sci. 62(9):
2745–2764.

Kunda Z, Nisbett RE (1986) The psychometrics of everyday life. Cog-
nitive Psych. 18(2):195–224.

Lichtendahl KC Jr, Grushka-Cockayne Y, Pfeifer PE (2013a) The wis-
dom of competitive crowds. Oper. Res. 61(6):1383–1398.

Lichtendahl KC Jr, Grushka-Cockayne Y, Winkler RL (2013b) Is it
better to average probabilities or quantiles? Management Sci.
59(7):1594–1611.

Lichtenstein S, Fischhoff B, Phillips LD (1982) Calibration of prob-
abilities: The state of the art. Kahneman D, Slovic P, Tversky
A, eds. Judgment Under Uncertainty: Heuristics and Biases (Cam-
bridge University Press, Cambridge, UK), 306–334.

Lindley DV (1986) The reconciliation of decision analyses. Oper. Res.
34(2):289–295.

https://ssrn.com/abstract=2981840
https://ssrn.com/abstract=2981840


Gaba, Popescu, and Chen: Assessing Uncertainty from Point Forecasts
106 Management Science, 2019, vol. 65, no. 1, pp. 90–106, ©2018 INFORMS

Meyer MA, Booker JM (2001) Eliciting and Analyzing Expert Judgment:
A Practical Guide (Society for Industrial and Applied Mathemat-
ics, Philadelphia).

Moder JJ, Phillips CR, Davis EW (1995) Project Management With
CPM, PERT and Precedence Diagramming (Blitz Publishing Com-
pany, Middleton, WI).

Palley AB, Soll JB (2016) Eliciting and aggregating forecast
when information is shared. Working paper, Duke University,
Durham, NC.

Poirier DJ (1995) Intermediate Statistics and Econometrics: A Comparative
Approach (MIT Press, Cambridge, MA).

Raju JS, Roy A (2000) Market information and firm performance.
Management Sci. 46(8):1075–1084.

Rao CR (1973) Linear Statistical Inference and its Applications (John
Wiley & Sons, New York).

Ren Y, Croson R (2013) Overconfidence in newsvendor orders: An
experimental study. Management Sci. 59(11):2502–2517.

Ren Y, Croson D, Croson R (2017) The overconfident newsvendor.
J. Oper. Res. Soc. 68(5):496–506.

Rudi N, Drake D (2014) Observation bias: The impact of demand
censoring on newsvendor level and adjustment behavior. Man-
agement Sci. 60(5):1334–1345.

Schmittlein DC, Kim J, Morrison DG (1990) Combining forecasts:
Operational adjustments to theoretically optimal rules. Manage-
ment Sci. 36(9):1044–1056.

Schweitzer ME, Cachon GP (2000) Decision bias in the newsvendor
problem with a known demand distribution: Experimental evi-
dence. Management Sci. 46(3):404–420.

Seifert M, Siemsen E, Hadida AL, Eisingerich AB (2015) Effec-
tive judgmental forecasting in the context of fashion products.
J. Oper. Management 36:33–45.

Vives X (1984) Duopoly information equilibrium: Cournot and
Bertrand. J. Econom. Theory 34(1):71–94.

Wallsten TS, Shlomi Y, Nataf C, Tomlinson T (2016) Efficiently encod-
ing and modeling subjective probability distributions for quan-
titative variables. Decision 3(3):169–189.

Winkler RL (1981) Combining probability distributions from depen-
dent information sources. Management Sci. 27(4):479–488.

Winkler RL, Clemen RT (1992) Sensitivity of weights in combining
forecasts. Oper. Res. 40(3):609–614.

Winkler RL, Clemen RT (2004) Multiple experts vs. multiple
methods: Combining correlation assessments. Decision Anal.
1(3):167–176.


	Introduction
	A Model for a Probability Distribution from Point Forecasts
	A Normal Model
	The Impact of Ignoring Dependence and Parameter Uncertainty.


	Extensions of the Normal Model and Assessment of Dependence
	Uncertainty and Heterogeneity About $(rho)$ in the Normal Model
	A Lognormal Model
	Assessing Dependence

	An Illustration for the Newsvendor Problem
	Impact of Ignoring Dependence or Parameter Uncertainty on the Order Quantity
	Impact of Ignoring Dependence and Parameter Uncertainty on the Newsvendor Profit
	Unknown $(mu)$ and Known $(sigma)ˆ 2$
	Unknown $(mu)$ and $(sigma)ˆ2$


	Summary and Discussion
	Appendix A. Proofs
	Appendix B. Normal Model with Heterogeneous $(rho)_{ij}$s

